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The energy approach for slope failure evaluation has been de-
veloped by examining the energy balance in the rigid block 
model, comparing it to innovative shake table tests of sand 
model slope. As a result, previous studies have shown evalua-
tion method is proposed in which residual slope displacement 
can be given from the earthquake energy. Moreover, a frame-
work of performance-based design for slopes during earth-
quakes has been proposed. However, this energy method 
needs to have more research to upgrade the energy method to 
a reliable design tool. Therefore, the energy-based method was 
applied to a case history during the 2016 Kumamoto earth-
quake. The input earthquake energy defined as a base layer of 
the slope was extrapolated from several strong motion records. 
This paper discusses applicability of the energy-based method 
to a case history, during the 2016 Kumamoto earthquake, of the 
sliding-mass was travelled gentle slope along the clear slip 
plane, as a simplified rigid block model.
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1. Introduction 

Earthquake-induced slope stability has been evaluated 
by force-equilibrium of soil mass, though this force ap-
proach can’t evaluate failure deformation once large fail-
ure occurs. It is very important to evaluate how large the 
deformation will develop and how far the effect reaches 
down-slope. Therefore, this study aims the development 
of evaluation method for residual slope displacement dur-
ing earthquake in terms of energy.  

In this study, an energy approach is proposed to eval-
uate slope failures including flow failures from their initia-
tion to termination. The basic idea, first proposed in Ko-
kusho et al. (2003), is shown in Fig. 1. In case of earth-
quake-induced slope failures, four energies; earthquake 
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energy contributing to slope failure 𝐸𝐸𝐸𝐸𝐸𝐸, gravitational po-
tential energy change −δ𝐸𝐸𝑃𝑃, dissipated energy in soil due 
to the slope deformation 𝐸𝐸𝐷𝐷𝑃𝑃  and kinetic energy 𝐸𝐸𝐾𝐾  in a 
sliding soil mass, can be correlated as Fig. 1. 

 
Fig. 1. Energy balance in flow failure of slopes (Kokusho et 
al., 2003).
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The energy approach to slope failure evaluation has 
been developed by comparing the energy balance in a 
simplified rigid block model to results of shake table tests 
using the sand slope model. As a result, previous studies 
have shown that residual slope displacement ߜ௥  can be 
given from the earthquake energy 𝐸𝐸𝐸𝐸𝐸𝐸, weight ݃ܯ, slope 
inclination ߚ and friction coefficient ߤ  by the following 
equation; 

௥ߜ ൌ
ଵାఓఉ
ఓିఉ ή 𝐸𝐸ಶೂெ௚ ���                                                                [1a] 

This equation is applicable to unsaturated slope where 
seismic inertia affects not only driving force but also shear 
resistance along the slip plane. If a slip plane is saturated, 
then the following equation should be used based on Eq. 
[1a]. 

௥ߜ ൌ
ଵ

ఓିఉ ή
𝐸𝐸ಶೂ
ெ௚ ���                                                                [1b] 

Furthermore, if an appropriate friction coefficient is 
chosen, Eqs. [1a] and [1b] by a simplified rigid block 
model can successfully simulate residual slope displace-
ment ߜ௥. 

In order to know how friction coefficient ߤ should be de-
termined in actual design, friction coefficient ߤ in Eq.(1b)
is back-calculated from a case history related to the 2016 
Kumamoto earthquake in this study. 

2. Back-calculate friction coefficient by energy ap-
proach 

Figure 2 shows flow chart to back-calculate friction co-
efficient ߤ by energy approach. 

First, the input earthquake energy 𝐸𝐸ூ𝑃𝑃 defined at the 
base of slopes is designated site by site (Kokusho et al 
(2003)). The input energy 𝐸𝐸ூ𝑃𝑃 can be evaluated as; 

𝐸𝐸ூ𝑃𝑃 ൌ ߩ ௦ܸ ݑሺ݀׬ Τݐ݀ ሻଶ݀[2]                                           ݐ

where ݀ݑ Τݐ݀  is the particle velocity of the design mo-
tions in terms of time t and ߩ ή ௌܸ is the impedance of the 
base layer. By assuming the energy radiating downward 
through the base, the earthquake energy 𝐸𝐸ூ𝑃𝑃 can be ob-
tained as; 

𝐸𝐸𝐸𝐸𝐸𝐸
𝐸𝐸ூ𝑃𝑃൘ ൌ Ͷߙ

ሺͳ ൅ ሻଶൗߙ                                                   [3]

Thus, the energy ratio is controlled by the impedance 
ratio α between the sloping ground and a base layer (Ko-
kusho et al. 2007). The energy 𝐸𝐸𝐸𝐸𝐸𝐸ᇱ  is dissipated by resid-
ual slope deformation by internal soil damping in the slop-
ing layer. The energy 𝐸𝐸𝐸𝐸𝐸𝐸ᇱ  is seems small compared to 𝐸𝐸𝐸𝐸𝐸𝐸.

Next, by assuming the energy ratio ߚ𝐸𝐸 contributing to 
driving soil mass for downslope direction, the earthquake 
energy ߚ𝐸𝐸൫𝐸𝐸𝐸𝐸𝐸𝐸 − 𝐸𝐸𝐸𝐸𝐸𝐸ᇱ ൯ to be used for the residual slope 
deformation can be differentiated (Kokusho et al. 2014).

 
 

Fig. 2. Flow chart to back-calculate friction coefficient μ by energy approach.
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Based on the rigid-block simple model, Eq. [1b] is ex-
pressed here to back calculate equivalent friction coeffi-
cient ߤ��൫ߤ ൌ ���߶௘௤൯ as;

Ɋ ൌ Ⱦ ൅ ଵ
ఘ௚𝐷𝐷ೌೡఋೝ

൜ఉಶ
൫𝐸𝐸ಶೂି𝐸𝐸ಶೂᇲ ൯

஺
ൠ                                     [4]

where ߶௘௤ is equivalent friction angle, A is horizontal 
area, ܦ௔௩ is thickness and ݃ߩ is unit weight of failed slope. 

3. Case study related to the 2016 Kumamoto earth-
quake 

3.1 2016 Kumamoto earthquake 

The Kumamoto earthquake (MJ= 7.3, MW= 7.0) in Ja-
pan occurred on April 16, 2016, which caused more than 

700 slope failures. Fig. 3. shows the locations of slope fail-
ures and the epicenter of the 2016 Kumamoto earthquake. 

In particular, the damaged area by numerous slope  
failures are located around Minami-aso Village at the Aso 
caldera western side. In those areas, the pumice, scoria, 
ash, igneous and volcanic-rock are distributed. The speci-
ficity of slope failures is categorized into three types in this 
earthquake. 

- Type-A: Displaced soil mass travelled gentle slope 
along the clear slip plane (around central cones of 
Post-Aso volcano area). 
- Type-B: Shallow landslides occurred at the steep 
slope (around caldera walls and central cones of Post-
Aso volcano area). 
- Type-C: Mudflow of displaced soil mass triggered 
earthquake ran down long distance (around central 
cones of Post-Aso volcano area).  

 
Fig. 3. Locations of slope failures and the epicenter of the 2016 Kumamoto earthquake (Based on Map by Geospatial Information 
Authority of Japan(GIA)).

 
Fig. 4. Locations of slope failures around the Takanoobane lava dome of the 2016 Kumamoto earthquake (Based on photo-
graph by Geospatial Information Authority of Japan(GIA)).
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3.2 Gentle slope failure at the Takanoobane lava dome 

The most representative example of failure Type-A
was occurred at the Takanoobane Volcano (lava dome). 
Fig. 4 shows the locations of two slope failures (TLD-SW 
and TLD-N site in Fig. 4) at the Takanoobane lava dome. 
Two slope failures were occurred not only on steep slopes 
but also on gentle slopes. Sliding masses of largest slope 
failure, TLS-SW site: slope inclination about 10 degrees, 
travelled a long distance more than 500m, destroyed nu-
merous houses and killed five people.  

The northwest sliding slope failure, TLD-N site in Fig. 
4, a failed soil mass slid down as a block along the clearly 
slip plane. This soil mass travelled more than 70m together 
with house in staying two residents related to the earth-
quake, and residents have no injury (in Fig. 5).  

According to our field investigation after the earth-
quake, the slip surface of slope failures observed not vol-
canic rock (Takanoobane lava, Rhyolitic lava) but uncon-
solidated pyroclastic fall deposits shallower than volcanic 
rock layer. In this connection, it can be presumed that a 
slip plane contributing to driving soil mass is a pumice 
layer (Kpfa) at TLD-SW site, which a volcanic ash deeper 
than Kpfa layer at TDL-N site. 

Figure 6 shows the contour map of TDL-N site slide 
(a) before and (b)after the earthquake. The ground surface 
elevations before the earthquake was obtained from Geo-
spatial Information Authority of Japan. The post-earth-
quake elevation was obtained by DEM data based on 3D 
laser survey carried out on May 2016, about a month after 
the earthquake. Typical cross-sections along the 3 lines in 
Figs. 6(a) and 6(b) are illustrated in Fig. 7. 

The idealized block model is depicted in Fig. 8. The 
inclinations of the slope and slip plane were about 23.1 
degrees. A soil block of 7.2 m in maximum depth and 75 
m × 99 m in maximum horizontal dimensions slid along the 
sedimentation plane. The total volume of displaced soil 
calculated 3-dimensionally was 5.1 × 104 m3 and 5.7 × 104

m3 before and after the failure, respectively.  
The simplification block model is slightly different from 

the real slip surface and the volume of slipped-mass. How-
ever, this paper focused on the movement of the center of 
gravity position. In order to reduce the position error of the 
center of gravity, the position of the center of gravity was 
calculated from the weighted mean of the soil mass. The 
failure was idealized here by simplifying the soil mass by 
a flat block of 7.5×103 m2 (in horizontal area) by 7.2 m (in 
thickness) slipping down along the slip plane with the total 

Fig. 5. Air-photograph of TLD-N slide before(a) and after(b) the earthquake (Based on photographs by Geospatial Information Au-
thority of Japan(GIA)).

Fig. 6. Contour map of TLD-N slide before(a) and after(b) the earthquake.
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mass unchanged. The center of gravity moved by 83.8m 
laterally and 16.7m vertically. The equivalent slip inclina-
tion connecting the center of gravity before and after the 
failure is 11.3ι, which is considerably lower than about 
23.1ι. 

3.3 Estimate of earthquake energy for slope failure 

Here, it was applied this energy evaluation method to 
the slope failure on northern side slope (TLD-N site) at the 
Takanoobane Volcano (lava dome) for an example.  

First of all, the input earthquake energy 𝐸𝐸ூ𝑃𝑃 defined at 
a base layer of the slope was extrapolated from several 
acceleration time histories. Figure 9 shows the locations 
of strong motion stations (KiK-net) around slope failures 
together with the epicenter of the mainshock. The digitized 
acceleration time histories of the main shock recorded are 
available at NIED websites (http://www.kyoshin.bosai.go. 
jp/). It calculated the input energy 𝐸𝐸ூ𝑃𝑃 with multiple vertical 
array records of the main shock, in Eq. [2]. 

For example, Fig. 10(a) shows the time-history of ve-
locity record and input energies per unit area 𝐸𝐸ூ𝑃𝑃 Τܣ  at the 
base layer of KMMH06 site (KiK-net: Hakusui). KMMH06
observation site is a nearest site to the TLD-N site. The 
time-history of the input energy per unit area 𝐸𝐸ூ𝑃𝑃 Τܣ at the 

base layer of KMMH06 site calculated by Eq. [2] is shown 
in Fig. 10(b). The total energy in the EW and NS directions 
is 122 kJ/m2. 

Figure 11 shows the calculated input energy per unit 
area 𝐸𝐸ூ𝑃𝑃 Τܣ  at the base layers (about 100-250m deep) at 
the 15 sites, the values of 𝐸𝐸ூ𝑃𝑃 Τܣ  are plotted versus hypo-
central distance R (focal depth R0 of the main shock: R0 =

Fig. 7. Cross-sectional change of TLD-N slide before and 
after the earthquake.

Fig. 8. Idealization of the TLD-N slide by rigid block model.
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Fig. 10. Time-history of velocity record and input energies per 
unit area 𝐸𝐸ூ𝑃𝑃 Τܣ at the base layer of KMMH06 site (KiK-net).
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12 km). The dashed line in the chart indicates the wave 
energy per unit area theoretically calculated for MJ=7.3 
from the spherical energy radiation of body waves,  

𝐸𝐸ூ𝑃𝑃 Τܣ ൌ 𝐸𝐸 ሺͶܴߨଶሻΤ                                                      [5]

The total wave energy E released at a point source is 
evaluated by an empirical equation of Gutenberg and 
Richter (1956), 

��� 𝐸𝐸 ൌ ͳǤͷܯ ൅ ͳͳǤͺ                                                     [6]

where M is the earthquake magnitude. Eqs.[5], [6] 
means the Input energy has affected by the hypocentral 
distance. 

The input energy calculated from earthquake records 
tends to change the dashed line (M=7.3) in the chart be-
cause this simple formula disregards fault mechanism 
such as fault type, dimensions, directivity and asperity. 
However, when the calculated energy puts its focus on 
KiK-net sites of northeast direction from the epicenter, in-
put energy 𝐸𝐸ூ𝑃𝑃 Τܣ  can be approximated by the solid line for 
M=7.1. 

Next, if the impedance ratio Ƚ ൌ ͲǤ͵ (Kokusho et al. 
2011) and the energy ration contributing to downslope di-
rection ߚ𝐸𝐸 ൌ ͲǤʹͷ (Kokusho et al. 2014) were assumed, 
then the earthquake energy for slope failure ߚ𝐸𝐸൫𝐸𝐸𝐸𝐸𝐸𝐸 −
𝐸𝐸𝐸𝐸𝐸𝐸ᇱ ൯Ȁܣ as previously mentioned from Figure 2.

ఉಶቀ𝐸𝐸ಶೂି𝐸𝐸ಶೂ
ᇲ ቁ

஺
ൌ

ఉಶ൜൤ସఈ ሺଵାఈሻమൗ ൨𝐸𝐸಺ುି𝐸𝐸ಶೂ
ᇲ ൠ

஺
؆ ͲǤͳͺ ቀ𝐸𝐸ூ𝑃𝑃 ൗܣ ቁ [7]

In Eq.[7], internal dissipating energy 𝐸𝐸𝐸𝐸𝐸𝐸ᇱ by soil damp-
ing is assumed negligibly small compared to other ener-
gies.

The input energy at the base layer of TLD-N
site(hypcentral distance: R = 28.1 km) which is assumed 
to have by the solid line in Fig. 11 as 𝐸𝐸ூ𝑃𝑃 Τܣ  = 284 kJ/m2,
hence, the maximum earthquake energy for the slope fail-
ure in TLD-N site was ߚ𝐸𝐸൫𝐸𝐸𝐸𝐸𝐸𝐸 − 𝐸𝐸𝐸𝐸𝐸𝐸ᇱ ൯Ȁܣ = 50 kJ/m2.

3.4 Equivalent friction coefficients by back-calculated 

from slope failure 

Estimating that the slip plane was saturated during 
earthquake and was a soil density 1.8 = ߩ t/m3 of failed soil 
mass, assuming that the major portion of the slid soil block 
was unsaturated except along the slip plane, Eq.[4] is ex-
pressed to bacN calculate eTuiYalent friction coefficient μ 
or equivalent friction angle ߶௘௤ . Then, the substituting 
equivalent friction coefficient μ (=tan߶௘௤=0.21) into Eq.[4],
the equivalent friction angle ߶௘௤ is 11.7°. This value corre-
sponds to equivalent friction coefficient representing fail-
ure modes such as the rigid block slide along the smooth 

slip plane, the crash and pile-up in the front, etc. This 
equivalent friction angle is much lower than the initial slope 
inclination ߚ଴ ൌ ����ሺߠ଴ሻ ൌ ͲǤͶ͵ǡ ଴ߠ ൌ ʹ͵Ǥͳι ), indicating 
that the failed soil mass first accelerated and then decel-
erated due to gentler in down-slope sections.

Figure 12 illustrates the initial slope inclination ߚ  is 
plotted versus the friction coefficients back-calculated from 
the case histories. In this chart, it is shown the equivalent 
friction coefficients by back-calculated from slope failures 
during 2004 Niigata-ken Chuetu earthquake (MJ = 6.8). It 
is noted that those equivalent friction coefficients of Type-
A (including TLR-N site) are much lower than initial slope 
inclinations.  

In Fig. 13, the energy ratio, the potential energy 
−δ𝐸𝐸𝑃𝑃 Τܣ  divided by earthquake energy for slope failure 
𝐸𝐸൫𝐸𝐸𝐸𝐸𝐸𝐸ߚ − 𝐸𝐸𝐸𝐸𝐸𝐸ᇱ ൯Ȁܣ, are plotted the travel distance of cen-
troid ߜ௥. The travel distances ߜ௥ evaluated from horizontal 
displacements of a center of gravity by simplify rigid block 

Fig. 11. Incident seismic wave energy versus hypocentral dis-
tance calculated from vertical array records, compared to a 
simple theory of spherical energy radiation.

Fig. 12. Back-calculated friction coefficients versus initial slope 
inclinations.
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model in Fig. 8. The Potential energy and energy ratio at 
TDL-N slide are calculated 932 kJ/m2 and 11.7, respec-
tively. An energy contributing for slope failure at TDL-N
slide have resulted in using potential energy about 12 
times larger than earthquake energy. These results were 
roughly approximated, indicating that the travel distance 
  .௥ increase with an energy ratioߜ

Figure 14 shows the failed soil volumes V m3 are plot-
ted versus the friction coefficients back-calculated. On the 
same chart, it shows the friction coefficients and the failed 
soil volumes in large slope failures by Hsu, J. 1975. It has 
followed that the failed soil mass decreases with increas-
ing the friction coefficient Ɋ. 

 In Figs. 12-14, what is to be noted is that the failed 
mode Type-A has the slight difference between 2016 Ku-
mamoto EQ.’s result and 2004 Niigata-ken Chuetu EQ.’s 
results. It can be presumed that the travelled soil mass of 
TLD-N site was stopped nearly Ͳ୭ after earthquake in Fig. 
8, and the earthquake energy for slope failure during Ku-
motomo EQ. is larger than Chuetu EQ in that estimating a 
simple theory of spherical energy radiation for M=6.9 dur-
ing 2004 Chuethu EQ.. In this respect, one interpretation 
of a failure mechanism at TLD-N site is that after the shear 
strength of soil along slip plane reduced drastically by seis-
mically induced effects such as high water pressure acting 
on the slip plane, the failed soil mass travelled not inertial 
force but potential energy. 

In order to upgrade the energy method to a reliable de-
sign tool, more research on model tests and case history 
studies for actual failures in complex in situ conditions are 
needed based on the back-calculation of friction coeffi-
cients in case histories. 

4. Conclusions 
 

The energy approach to back-calculate the equivalent 
friction coefficients for slope failure during the 2016 Kuma-
moto earthquakes has yielded the following major findings: 

1) The input energy 𝐸𝐸ூ𝑃𝑃 Τܣ  during the 2016 Kumamoto 
earthquakes, puts its focus on calculated energy by 
strong motion sites around the Aso caldera, can be 
approximated by a simple theory of spherical energy 
radiation for M =7.1. 

2) It was applied this energy evaluation method to the 
slope failure on northern side slope (TLD-N site) at 
the Takanoobane lava dome. Consequently, the 
back-calculated friction angle is much lower than the 
initial slope inclination. 

3) The contributed energy for slope failure at TLD-N
site(Type-A), displaced soil mass travelled gentle 

slope along the clearly slip plane, estimates the po-
tential energy much larger than the earthquake en-
ergy.  

4) From results of lower friction and larger potential en-
ergy for slope failure, it can be presumed that the 
shear strength of soil along slip plane reduced dras-
tically by seismically induced effects such as high 
water pressure acting on the slip plane at TLD-N site. 
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Fig. 14. Back-calculated friction coefficients versus volumes of 
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Symbols and abbreviations 

௔௩ܦ Average thickness of sliding mass 
ݑ݀ Τݐ݀  Particle velocity of the design motions in terms 

of time t 
𝐸𝐸𝐷𝐷𝑃𝑃 Dissipated energy in soil due to the slope 
𝐸𝐸𝐸𝐸𝐸𝐸 Earthquake energy contributing to slope failure 
𝐸𝐸𝐸𝐸𝐸𝐸ᇱ Earthquake energy for soil damping, liquefac-

tion 
𝐸𝐸ூ𝑃𝑃 Input earthquake energy at the base of slopes 
𝐸𝐸𝐾𝐾 Kinetic energy in a sliding soil mass 
𝐸𝐸ோ𝐷𝐷 Radiation damping energy 
M Earthquake magnitude using Richter scale 
݃ܯ Weight 
MJ JMA (Japan Meteorological Agency) magni-

tude 
MW Moment magnitude 
R Hypocentral distance 
R0 Focal depth of the main shock 
ߙ Impedance ratio 
ߚ Slope inclination 
଴ߚ Initial slope inclination
𝐸𝐸ߚ Energy ratio contributing to driving soil mass 

for downslope direction
−δ𝐸𝐸𝑃𝑃 Gravitational potential energy change 
௥ߜ Residual slope displacement 
଴ߠ Initial slope angle
ߤ Equivalent friction coefficient 
ߩ Soil density 
ߩ ή ௌܸ Impedance of the base layer 
߶௘௤ Equivalent friction angle 


