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 In this paper, a set of small-scale laboratory single flexible pile 
model was conducted in a medium dense Toyoura sand 
environment under the effect of cyclic lateral loads. Digital 
images were captured for the plastic deformations of the soil 
during the lateral loading from the top of the testing chamber. 
Combination of photo image analysis and analytical cyclic p-y 
curve methods was implemented for estimating the three 
dimensional (3D) failure zone adjacent to pile shaft. The 3D 
failure pattern of the soil around single pile shaft was 
investigated through two steps, including: (1) determination of 
the range of lateral plastic deformations at the top of ground 
surface in perpendicular and parallel directions of cyclic loads; 
and (2) determination of the point of rotation (zero displacement) 
along the pile shaft. Experimental results showed that a conical 
passive zone of plastic deformations is established around pile 
shaft due to applying two-way lateral cyclic loading at pile head. 
Based on the findings, design considerations for piles subjected 
to lateral cyclic loading have been introduced.  
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1. Introduction 
 
Pile foundations are commonly subjected to cyclic 

lateral loading which often arise from earthquake, wind, 
waves, etc. Some examples of structures that are mainly 
subjected to lateral cyclic loading including: jetties, wind 
turbine, and harbor structures, and pile foundations 
located in seismic zones and piers supported by piles. 

Significant amount of research has been conducted 
for many years to formulate the design of pile foundations 
supporting lateral cyclic loads, owing to its critical 
relevance to foundation engineering under demanding 
structural, soil, and loading conditions (Abedzadeh and 
Pak, 2004). Most of the theoretical solutions for laterally 
loaded piles involve the concept of modulus of subgrade 

reaction which is based principally on Winkler’s 
assumption. Within this framework, Reese (1977) 
proposed the well-known p-y curve method. This 
approach is based on the differential equation for solving 
the problem of the laterally loaded pile (Eq. 1), and it can 
be used for both free- and fixed-head single piles. By 
means of finite-element, boundary-element, or finite-
difference methods, numerical solutions can also be 
obtained for this class of problems. 

 

 
4
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dz
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where: EI = bending (flexural) stiffness of pile, y = 
lateral displacement, z = depth below the ground surface, 
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and p = soil reaction per unit length of pile. 
According to the earth pressure theory, the lateral 

stress at fully mobilized passive state is equal to Kp times 
vertical effective stress. For laterally loaded piles, 
however, the magnitude of the ultimate lateral soil 
resistance (pu) is much greater than Rankine’s passive 
stress due to the three dimensional characteristics of the 
lateral soil resistance (Fleming et al., 2009). Owning to 
pile under lateral load is a typical three dimensional 
problem, some researchers investigated the 3D failure 
patterns in sand due to static laterally loaded pile (e.g. 
Otani et al., 2006; Ashour and Norris, 1998; Kishida and 
Nakai, 1979; and Reese et al., 1974). 

Ashour and Norris (1998) employed the visualized 3-
D strain wedge (SW) model, which was developed by 
Reese et al. (1974), and Kishida and Nakai (1979) to 
determine pile response to static lateral loads, as shown 
in Fig. 1a. The SW model was capable of linking between 
the more complex 3D soil-pile interaction and a simpler 
one-dimensional characterization. In this method, the SW 
properties are characterized by base angles (βm), passive 
wedge depth (DW), and spread of wedge angle (φm, the 
mobilized friction angle). The horizontal stress change at 
the passive wedge face (Δσh) and the side shear (W) act 
on the strain wedge are presented in Fig. 1b. 

Based on image analysis by particle image 
velocimetry (PIV) method, Masoud et al. (2011) 
investigated the maximum shear strain created in soil 
around a single pile subjected to lateral loads. It was 
observed that the maximum shear strain occurred in pile 
adjacent to soils near the surface as shown in Fig. 2a 
that a triangular strain wedge to the side of the displaced 
pile is created, and Fig. 2b shows that in front of a 

laterally loaded pile a passive zone is established which it 
is similar to circle. By composing Figs. 2a and 2b it is 
concluded that front of a laterally loaded pile, the passive 
zone that is established is almost conical in shape in 
three dimensions. Moreover, Otani et al. (2006) used X-
ray computed tomography (CT) scanner for visualizing 
failure pattern of the ground (sand) around a pile owing to 
a lateral load. In this research, they showed that the size 
of failure zone decreases with the increase in the ground 
depth along the pile shaft and the shape of this failure 
zone is almost conical in three dimensions. An image 
processing analysis was conducted to obtain effective CT 
images. Based on the images, 3D failure patterns of the 
ground under laterally loaded piles were visualized (Fig. 
3). 
 
 
2. Experimental setup 
 
2.1 Testing apparatus and pile model 

 
Figure 4 shows the test set-up along with the 

assembly of the lateral loading device and measurement 
equipment for single pile test. The soil testing chamber is 
made of rigid fiberglass plates of wall thickness equal to 5 
cm. In order to prevent the artificial boundary effect (i.e. 
side and end walls) during testing, the length to height 
ratio (l/h) of the container was designed to be in the 
range of 1.5-2.0; therefore, the testing box has a length 
to height (l/h) ratio of 1.58 (Lombardi et al., 2015). 
Moreover, the measuring apparatus include strain 
gauges, linear variable displacement transducers 
(LVDTs) and load cell. Lateral cyclic load was applied on  

 
 

 
Fig. 1. Failure pattern around laterally loaded pile (after Reese et al, 1974): (a) cross-section, and (b) plan. 
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the pile head by means of a servo cylinder which was 
totally fixed in pile cap by way of steel screw bolts. An 
external control unit was used to control the number of 
applied cycles (N) and loading frequencies (f). The pile 
model was manufactured from a closed-end aluminum 
alloy 6061 tube of outer diameter 15 mm and wall 
thickness 1.5 mm. The Young’s modulus and yield stress 
of the used aluminum alloy are 70 GPa and 48.3 MPa, 
respectively. Furthermore, two different slenderness 
ratios (L/B = 20 and 30) for pile model were selected for 
testing. 
 
2.2 Testing ground (soil) 
 

Testing soil used in this laboratory work, is sub-
angular, fine Toyoura sand, which is commonly used as 
testing soil in Japan, and its index properties are given in 
Table 1. Since the ratio of pile diameter to effective 
diameter of soil (B/D50) is about 83.33, which is 
comfortably greater than the minimum value of 40 usually 
recommended by Ovesen (1975), the sand would behave 
like a continuum as would be the case in the prototype. 

Furthermore, mini-cone penetration tests were carried 
out according to JGS 1431 (2003) after soil placement 
over the whole depth of the testing box (60cm) at three 
different locations inside the testing tank, as depicted in 
Fig. 5. Based on the obtained results of cone penetration 
resistances (qc), the strength and deformation properties 
of the ground soil can be estimated using the empirical 
correlations introduced by Nikudel et al. (2012). Figure 5 
shows the results of Mini-cone penetration resistance test 
(qc) with depth (z) for the three conducted tests, which  

gives the following average physical soil properties of 
sand: Young’s modulus (Es), and internal friction angle 
(φ) of  a, and q, respectively. 

Multiple sieving pluviation (MSP) method, which was 
developed by Miura and Toki (1982), was used for 
preparation of sand samples. This method has some 
advantages over standard compaction method, including: 
(1) protecting strain gauges attached to piles from 
damage, and (2) producing homogenous testing ground 
around pile. 
 
2.3 Physical modeling and scaling laws 
 

Physical modeling plays a fundamental role in the 
development of geotechnical understanding. If the 
physical modeling is to be performed at any scale other 
than full scale, then the key question is concerned with 
establishing the validity of the models and ensuring that 
the extrapolation principle can be extended from the 
behavior studied at model scale to the behavior expected 
at prototype scale. The understanding of relevant scaling 
laws and the dimensional analysis, which controls them, 
is essential. Examples of derivation of scaling laws for 
general dynamic problems are proposed by Wood et al. 
(2004). 

The equation governing the lateral deformation of the 
pile under lateral load, given previously in Eq. 1, can be 
written in the following form: 

 

y*K
dz

ydEI h4

4

�                                 [2] 

 

 
 

 
 

Fig. 2. Soil shear strain around pile: (a) side view and (b) plan. 
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where: Kh = subgrade reaction modulus.  
A natural dimensionless ratio I1=KhL4/EI to 

characterize the problem is employed, which describes 
the relative pile-soil stiffness parameter. Then it might be 
supposed that correct physical modeling will be obtained  
if the dimensionless ratio I1 is maintained as identical in 
the model and the prototype (Bhattacharya et al., 2011). 
For granular soils, the stiffness property of the soil is 
roughly proportional to the square root of the vertical 
effective stress of soil, σv=(γz)0.5, and then Kh= nh (z)0.5 in 
which nh is the constant of the modulus horizontal 
subgrade reaction. In this case, the dimensionless ratio 
for 1g test in granular soil can be considered as I1= 
KhL4.5/EI (i.e., 4 for pile flexural stiffness plus 0.5 to 
account for change in soil stiffness). This leads to general 
scaling law, as given in (Eq. 8). 
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where: EmIm = Flexure rigidity of model pile material; 

EpIp = Flexure rigidity of prototype pile; Lm = embedded 
length of model pile; Lp = embedded length of prototype 
pile; and F = Lp/Lm = scale factor for length. 

In this experimental work, scaling factor for length is 
adopted as (Lp/Lm = F = 20) based on previous work of 
Chandrasekaran et al. (2010). Therefore, the value of 
scaling factor for pile length will be equal to (1/F = 1/204.5). 
Hence, if an aluminum tube pile model of outer diameter 
15mm and wall thickness 1.5mm is used, it will be 
equivalent to a prototype of circular steel pipe pile of 
outer diameter 600 mm and wall thickness of 6 mm.  

Table 2 shows the relevant parameters for the 
prototype and the laboratory model. It is obvious that the 
prototype has been scaled down in terms of stress and 
length by values of 3 and 40, respectively. Although the 
geostatic stress does not match the prototype scale, the 

stiffness of the pile is reduced too. Therefore, the 
modeling is valid for the interaction of soil and pile. 

 
2.4 Relative system of pile-soil system 

 
The relative stiffness factor Krs is calculated for the 

pile models using the equation proposed by Poulos and 
Davis (1980). For flexible piles, the value of Krs is smaller 
than 10-2. 

 

4
s

mm
rs LE

IEK                                                                       [9]   

      
The calculated values of (Krs) for those piles used in 

this experimental scheme were 0.0019 and 0.0004 for 
slenderness ratios (L/B) of 20, and 30, respectively. 
Hence, the piles used in this study were considered as 
flexible piles. 

 
 
3. Visualization of lateral deformation at top soil 

surface 
 
3.1 Test procedures and protocol 

 
The procedures given below were conducted for 

preparing the laboratory model test. Pile model was 
placed at the center of the cleaned testing chamber by 
clamping it against the guide bar to avoid boundary effect. 
Meanwhile examination of its vertical alignment is 
performed. Then, sand was poured in carefully, slowly, 
and evenly on layers of 10 cm in thickness. After 
reaching to the uppermost layer of sand, the guide beam 
was removed and the top surface was flattened.  

In this testing program, two-way cyclic lateral 
displacement was imposed on the pile head based on the 
cyclic loading pattern recommended by Basack and 
Purkayasthab (2007); and LeBlanc et al. (2010). The 
head of the tested pile was pushed forward laterally by 3 
mm (i.e., 10% of pile outer diameter), then it is pulled 
back in the opposite direction by 6 mm, and then it is 
pushed back by 3mm (i.e., set back to initial position), as 
shown in Fig. 6. The cyclic loading direction was imposed 
in the long direction of the container (l = 950 mm), and 
the cyclic loading amplitude was alternated between 
±3mm of displacement at pile head. Furthermore, Fig. 6 
shows that the frequency of the lateral cyclic 
displacement was in range of 0.017 Hz and 0.05 Hz 
which simulates the impact of loading of wind and waves 
on the offshore structures supported on mono-pile 
foundations in most of the coastal regions (refer to 
Natarajan et al., 2015). 

For the purpose of facilitating the visualization of the 
soil movements during testing and image processing, 
SONY Cyber-shot Camera with resolution 20.1 
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megapixel was used, as shown in Fig. 7. Based on photo 
image analysis technique, photo shoots have been taken 
for the deformations of soil particles and colored grid 
lines during 50 cycles of loading (N = 50).    

 
3.2 Mesh grid on the top of soil surface 

 
After placement of the top layer of the Toyoura sand 

inside the testing container, it was colored with red grid 
lines which are placed in short (h = 300 mm) and long (l = 
950 mm) directions the top side of the testing chamber 
(i.e., parallel and perpendicular to cyclic load direction, as 
shown in Figs. 8 and 9, respectively). Thin grid lines 
have been installed using colored soil at equal and 
parallel offsets distance equal B (pile diameter), then the 
spacing was increased to 2B in the middle of the testing 
chamber, and near the outer boundaries of the chamber 
the grid lines were placed at spacing of 3B. 
 
 
4. Analyses of results 

 
Estimation of the 3D conical failure zone around pile 

shaft due to lateral loading was carried out via two steps, 
including: (1) determination of the range of lateral plastic 
deformations at the top of ground surface in both of 
perpendicular and parallel directions of cyclic loads; and 
(2) determination of the point of rotation (zero 
displacement) along the pile shaft. The former step was 
performed using photo image analysis technique, while 
the later step was performed using an analytical method 
based on cyclic p-y curve technique. 

 
4.1 Lateral plastic deformation 

 
Figure 10 illustrates the shape of the deformed grid 

lines (perpendicular to loading direction) around pile shaft 
after 50 cycles. It was found that the grid lines 
perpendicular to cyclic loading direction experienced 
plastic deformations to extent of twice the diameter of the 
pile (2B) measured from the centerline of pile diameter. 
On the other hand, Fig. 11 depicts the deformed grid 
lines on the top surface of soil in direction parallel to the 
cyclic loading direction. It is obvious that the lateral 
plastic deformations occurred to a distance of three times 
pile diameter (3B) measured from the centerline of pile 
diameter. 

 
4.2 Cyclic p-y curve 
 

Pile lateral displacement (y) and soil reaction (p) were 
determined by double integration and double derivation 
of moment curves along the pile shaft, as given by Eqs. 

10 and 11, respectively. The boundary conditions 
adopted to solve the equations were the measured 
displacement at pile head and zero bending moment at 
pile tip (Awad-Allah and Yasufuku, 2013). 
 

³³ 2M(z)dz
EI
1y(z)                                [10] 

 

2

2

dz
M(z)dp(z)                                               [11] 

 
where: M(z) = measured bending moment along the 

pile length. 
    It was found in the literature that the initial stiffness 

of the p-y curves is highly depending on the pile diameter 

 
 
Fig. 3. Definition of failure zone (after Otani et al., 2006). 
 

Table 1. Geotechnical properties of Toyoura sand. 
Property Value 

Specific gravity (Gs) 2.65 
a i  dry nit weight ( max) 16.0 kN/m3 

ini  dry  nit weight ( min) 13.1 kN/m3 

Maximum void ratio (emax) 0.98 

Minimum void ratio (emin) 0.62 

Uniformity coefficient  (U) 1.40 

Coefficient of curvature (C) 0.86 

Effective diameter (D50) 0.18 mm 
 
Table 2. Equivalent values for the characteristics of prototype 
and experimental model. 

Parameter Prototype Model 

Material Steel Aluminum 

Modulus of elasticity of 
pile material (EP) 

200 GPa 70 GPa 

Diameter of pile (B) 600 mm 15 mm 

Load eccentricity (e) 4.07 m 0.1 m 

Pile embedded length (L) 12.2 and 18.3 m 0.30 and 0.45 m 

Modulus of elasticity of 
soil (Es) 

18.6 MPa 6.48 MPa 
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and soil stiffness (see, e.g. Kagawa and Kraft, 1981; 
Bhattacharya et al., 2011; Klar, 2008; etc.).  

Consequently, in this study the lateral reaction (p) and 
lateral displacement of soil (y) were normalized with 
respect to soil unit weight of soil (γ) and pile diameter (B), 
as follows: 
     

   
 

2B*γ
pp  �

                                                         
[12]

                                                 

     B
yy  �

                                                                 
[13] 

 
Because the performance of flexible piles (L/B = 20 

and 30) revealed almost similar trend during cyclic 

 
 

 
Fig. 4. Schematic of experimental setup. 
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Fig. 5. Results of the three Mini-CPT tests over the depth of the soil testing box. 
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loading, only the cyclic p-y curves for flexible piles of L/B 
= 20 were introduced herein. Figures 12 and 13  
illustrate the cyclic p-y curves for pile of L/B = 20 at two 
different soil layers at depths of 6B and 15B measured 
from ground surface, respectively. Figure 12 depicts that, 
for soil layer at level of z  6B, magnification of p-y curves 
has been observed due to increase of the number of 
cycles N up to 50 cycles. On the other hand, Fig. 13 
shows that, at deeper soil layer at level z  15B from 
ground surface, degradation of p-y curves has been 
observed due to increase of number of cycles N up to 50 
cycles. It is also noticed that effect of loading frequency 
(f) has a relatively little impact on degradation and 
magnification of cyclic p-y curves.  

 
4.3 Determination of point of rotation of along pile shaft 

 
Since the pile models employed in this study were 

flexible piles, their points of rotations (plastic hinge 
points) were created at locations beneath the ground  
surface where the lateral soil displacements were equal 
to zero. This indicates that at those locations no change 
in the soil reactions (p) will occur due to lateral cyclic 
loading (i. e., p1  pN). Moreover, it is noticeable that p-y 
curves are affected and changed by the elevation of the 

soil layer from the ground surface at which p-y curve is 
estimated (see, e.g. Rosquoet et al; 2007, Padmavathi, 
et al.; 2008, and Awad-Allah et al.; 2014). Thus, lateral 
soil reaction due to lateral cyclic loading can be 
represented as function of degradation or magnification 
factors (r) with respect to the depth of soil stratum. These 
factors were calculated using Eq. 14. 

N

1

P
pr  

 

                                                                                 [14] 

where: r = degradation and magnification factors, p1 = 
the peak soil reaction mobilized during monotonic test 
after 1st cycle, and pN = the corresponding soil reaction 
mobilized during cyclic test after Nth cycles. 

Consequently, one of the following three cases can 
be arisen from Eq. 14: r = 1 (p1 = pN, point of rotation is 
created at this location; r < 1 (p1 < pN, degradation of p-y 
curve has occurred at that location); and r > 1 (p1 > pN) 
magnification of p-y curve has occurred at that location). 

Figure 14 shows the variation of r-factor with the 
elevation of soil layer with respect of ground surface, 
frequency of loading, and number of cycles. It is obvious 
that (r) values were markedly affected by the layer depth 
and the number of cycles. For the layers at depths 
between 3B and 6B from ground level, r-factors 
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increased with increasing number of cycles (all values 
are greater than 1). On contrast, for the layers at depths  
between 10B and 15B from ground level, reduction of r-
factors occurred with increasing the number of cycles. As 
a result, for pile subjected to lateral cyclic loading, the 
point of zero displacement (point of pile rotation) is 
created at pile length of 9B measured form the ground 
surface where the r-factor is almost equal to the unity (1). 

 
 

5. Proposed 3D conical failure zones due to cyclic 
load 

 
Based on the previous analysis, 3D failure zone is 

characterized by the obilized base angles (βm and m) 
which define the wedges of soil failure in two 

perpendic lar directions  he base angle βm was 
mobilized in the parallel direction to the cyclic loading 
excitation, and it gave value of 9.5q which is abo t φ 
(where  φ is the internal friction angel of edi  dense 
sand soil which is equal to 36.5o). However, the second 
base angle m was mobilized in the perpendicular 
direction to the cyclic loading excitation, and it gave value 
of 15.5o which is abo t φ, as shown in Fig. 15.  

It is clear that the 3D deformed shape gave a form of 
cone which has an ellipse on the top and a height of 9B 
(point of pile rotation) where the cyclic p-y” curves 
response changed. The height of conical shape is  
measured form the top soil surface to the point of pile 
rotation (i.e. point of zero lateral displacement). 
Furthermore, the shape of the ellipse on the top soil 
surface has major and minor axes of 6B and 4B, 

 
 

Fig. 10. Deformed grid lines on top soil in short direction of the testing box b = 300 mm (perpendicular to cyclic load) after 50 
loading cycles. 

 

 
 

Fig. 11. Deformed grid lines on the top surface of soil I = 950 mm (direction parallel to the cyclic loading). The lateral plastic 
deformations occurred to a distance of three times pile diameter (3B) measured from the centerline of pile diameter 
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respectively, measured from the center line of the pile 
diameter. The whole deformations occurred in the radial 
direction (i.e., in the direction of pile diameter). As a result, 
Fig. 16 illustrations the proposed 3D conical failure zones 
around the pile shaft due to lateral cyclic loading based 
on photo image analysis and cyclic p-y curve techniques. 

It is worth to mention the limitation and validity of 
application of the proposed 3D conical failure model in 
engineering practice. The following two conditions that 
should be fulfilled so that the proposed model being valid 
in the practice: (1) pile/soil relative stiffness (Ep/Es) has to 
be equal to 10*10-3, and (2) loading frequency (f) has to 
be in range of 0.017 to 0.05 Hz. 
 
 
6. Summary and conclusions 

 
In the paper, small-scale single pile models installed 

into medium dense sand soil conditions and subjected to 
two-way lateral cyclic loading of excitation range of 0.017 
to 0.05 Hz has been introduced. The main aim of the 
paper is to determine the 3D conical failure zone around 
pile shaft due to lateral loading via two steps, including: 
(1) determination of the extent of lateral plastic 
deformations at the top of ground surface in 
perpendicular and parallel directions of cyclic loads; and 
(2) determination of the point of rotation (zero 
displacement) along the pile shaft. Furthermore, 3D 
failure patterns adjacent to pile shaft were determined 
using photo image analysis and analytical methods. The 
following conclusions are drawn: 

I. The lateral plastic deformations around single 
pile shaft subjected to lateral cyclic loading were 
experimentally investigated using photo image 
analysis. The plastic deformations created on 
the top soil surface were extended laterally as a 
shape of ellipse with major and minor axes of 6B 
and 4B after applying 50 two-way lateral cyclic 
loading. 

II. The proposed 3D conical failure zone was 
characterized by two base angles (βm and m), 
which define the wedges of soil failure in two 
perpendicular directions, as well as by the depth 
of the point of pile rotation.  

III. In engineering practice, for grouped piles 
installed in medium dense sand and subjected 
to lateral cyclic loading of frequency range of 
0.017 to 0.05 Hz, the spacing between centers 
of piles in the group should be kept at distance 
of 3B to avoid the interaction between the failure 
zones.   

 
 

Fig. 12. Normalized cyclic p-y curves at (z/B = 6) for piles in 
medium dense sand (Dr = 45%). 
 

 

 
 
Fig. 13. Normalized cyclic p-y curves at (z/B =15) for piles 
in medium dense sand (Dr = 45%). 
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Fig. 14. Change of magnification and degradation factors (r) 
with soil layer depth, loading frequency f, and number of 
cycles N. 
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Fig. 15. Plastic deformations boundaries at soil top surface around lateral cyclic loaded pile and the mobilized base angles for the 

wedges of soil failure. 
 

 

 
 

Fig. 16. Three dimensional (3D) conical failure zone around pile shaft due to lateral cyclic loading in medium dense sand  
(Dr = 45%). 
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Symbols and abbreviations 
 
B Pile diameter 
C                          Coefficient of curvature 
D50                        Effective diameter       
DW                        Passive wedge depth 
EI                         Bending (flexural) stiffness of pile    
Em Modulus of elasticity of model pile  
EP  Modulus of elasticity of prototype pile 
Es modulus of elasticity of soil 
EP/Es Pile/soil relative stiffness 
emax                      Maximum void ratio 
emin                       Minimum void ratio 
F= Lp/Lm Scale factor for length 
f                            Loading frequency 
Gs                         Specific gravity 
h                           Width of testing box 
Im Moment of inertia of model pile 
Ip Moment of inertia of prototype pile 
Kh Modulus of subgrade reaction of soil 
(Kh)s Secant modulus of subgrade reaction of soil 
Kp                                        Passive earth pressure coefficient 
Krs  Relative stiffness factor 
L Embedment length of pile 
l                            Length of testing box 
M(z) Measured bending moment along the pile 

length 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
N Number of cycles 
nh Coefficient of subgrade reaction 
pu Ultimate soil lateral resistance 
p1   Soil reactions for 1st cycle of loading 
pN                         Soil reactions for Nth cycle of loading 
p-                          Normalized soil reaction 
r Degradation and magnification factor 
t Time 
U                          Uniformity coefficient   
y Lateral displacement of pile 
y-                           Normalized lateral soil displacement 
z Depth below ground soil level 

m Mobilized base angles in the parallel directions 
to cyclic loading 

βm                           Mobilized base angles in perpendicular direction 
of cyclic loading 

φ                          nternal friction angle 
φm                        Mobilized friction angle 
I1 Natural dimensionless ratio 
γ Unit weight of soil 
γmax                      Maximum dry unit weight 
γmin                       Minimum dry unit weight 
σy Yield stress of pile material 
Δσh                             Horizontal stress change at the passive wedge 

ide shear ( ) act on the strain wedge 
 


