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Abstract 

Since composite materials such as laminated composite plates have high specific strength and high structural efficiency, they have been used 

in many structural applications. It is therefore very important to make clear the vibration characteristics of the laminated plates for the design 

and the structural analysis. Especially, the vibration characteristics of the laminated plates with attached mass are essential. However, we 

cannot find the theoretical or experimental approaches for the free vibration of laminated plates with attached mass. In the present study, the 

experimental and numerical approaches are applied to the free vibration of cantilevered symmetrically laminated plates with attached mass. 

First, by applying the experimental modal analysis technique to the cantilevered symmetrically laminated plates with attached mass, the 

natural frequencies and mode shapes of the plates are obtained. Next, the natural frequencies and mode shapes of the cantilevered 

symmetrically laminated plates with attached mass are calculated by Finite Element Method (FEM). Finally, from the experimental and 

numerical results, the effect of the moment of inertia of the attached mass to the natural frequencies and mode shapes of the cantilevered 

symmetrically laminated plates are clarified.   
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1. Introduction 

Since aerospace structures require the high specific 

strength and high specific modulus, many composite 

materials such as carbon fiber reinforced plastics (CFRP) 

have been used. Also, in many engineering applications, the 

substructures may be added to the laminated composite 

plates. For example, the problem of plates with attached 

masses relates to the design of electronic systems. These 

attachments affect the vibration characteristics of the 

laminated composite plates. 

Many studies on the free vibrations of a thin isotropic 

plate with attached mass have been reported in the literature 

[1-6]. However, studies on the free vibrations of laminated 

plate with attached mass are limited. Using the Hamilton’s 

principle by means of a double Fourier series, the free 

vibration of a simply supported laminated composite plate 

with distributed patch mass is solved by Alibeigloo et al. [7]. 

Malekzadeh et al. analyzed the free vibration of the 

rectangular composite plate with distributed attached mass 

by using the standard Galerkin procedure [8]. As mentioned 

above, one can find a few published researches on a 

numerical analysis of the free vibration of the laminated 

composite plate with attached mass. However, only few 

reports can be found on an experimental analysis of the free 

vibration of the laminated composite plate with attached 

mass. 

In the present study, the experimental and numerical 

approaches are applied to the cantilevered symmetrically 

laminated plates with attached mass. First, by applying the 

experimental modal analysis technique to the cantilevered 

symmetrically laminated plates with attached mass, the 

natural frequencies and mode shapes of the plates are 

obtained. Next, the natural frequencies and mode shapes of 

the cantilevered symmetrically laminated plates with 

attached mass are calculated by Finite Element Method 

(FEM). Finally, from the experimental and numerical 

results, the effect of the moment of inertia of attached mass 

to the natural frequencies and mode shapes of the 

cantilevered symmetrically laminated plates are studied  

2. CFRP Laminated Plates 

The symmetrically laminated square and trapezoidal 

plates were used. Each layer material, that is lamina, is 

reinforced by carbon fibers. This fiber’s tensile elastic 

modulus is 230GPa. The matrix is an epoxy resin ( 130 C 

cure). The fiber volume fraction is 55%. The laminae of the  
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square and trapezoidal plates are made of the same layer 

material and the both plates were made under the same 

curing condition. As shown in Fig. 1, the plate configuration 

of the square plate is as follows: a = 0.2 m, b=0.2 m. The 

stacking sequence of the square plate is   −++− /// , 

fiber orientation angle = 60  and the plate thickness h is 
3106.1 − m. And, the plate configuration of trapezoidal plate 

is as follows: a = 0.2 m, b = 0.2 m, c=0.1m. The stacking 

sequence of the trapezoidal plate is   −++− /// , fiber 

orientation angle = 30 and the plate thickness h is 
3106.1 − m. The density of the both laminated plates is 1535 

kg/m3. The measured material properties of the lamina are 

listed in Table 1. Table 1 shows the moduli of elasticity LE , 

TE  in the direction of the parallel and normal to the fiber, 

respectively, shear modulus LTG , and Poisson’s ratios LT    

of each layer (See Fig. 1). 

3. Attached Mass 

In this study, three different shapes of attached mass were 

used. The shape of the attached mass is shown in Fig. 2. The 

dimensions of masses are presented by Table 2. The bottom 

part is the hexagon nut (M5; JIS). The mass of these attached 

masses is the same by 21g. Also, the moment of inertia of 

these masses are shown in Table 3. The attached mass was 

bonded to the plate by epoxy based adhesive. 

 
Figure 2.  Shape of attached mass 

Table 2. Dimensions of attached masses 

Attached 

mass 
d1 (mm) h1 (mm) h2 (mm) d2 (mm) 

K 4 8 15 14.42 

L 4 12 15 14.27 

M 4 12 15 14.12 

Table 3. Moment inertia of attached masses 

Attached 

mass 
Moment of inertia (kgm2)  

K 5.24 x 10-6 

L 7.81 x 10-6 

M 1.09 x 10-5 

4. Experimental and Numerical Approaches  

Experimental and numerical studies were carried out for 

the cantilevered symmetrically laminated square and 

trapezoidal plates with the attached mass. In the numerical 

studies, Finite Element Method was used. And, LS-DYNA 

was applied to this free vibration problem. 

4.1. Experimental modal Analysis 

To satisfy the boundary conditions, the plates were 

clamped by using a rigid clamping fixture as shown in Fig. 

3. As shown in Fig. 3, to measure the transfer function 

(accelerance), an accelerometer was attached to one 

reference point and then all reference points were impacted 

by an impulse force hammer. The mass of the accelerometer 

is 2.12g. Also, as shown in Figure 4, except for the clamped 

edge, the reference point on the square plate is 42 and the 

reference point on the trapezoidal plate is 36. In Figure 4, the 

notation  represents the location of attached mass, and × 

represents the location of the attached accelerometer. From 

the obtained transfer function, the natural frequencies and 

mode shapes of the plates were estimated by applying the 

experimental modal analysis technique. 

 

 (a) square plate  (b) trapezoidal plate  

Figure 3.  Clamping fixture of cantilevered plate 

 

Figure 1.  Lamina of cantilevered plate 

Table 1. Material properties of lamina 

EL (GPa) ET (GPa) GLT (GPa) vLT 

97.6 6.26 5.18 0.33 
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 (a) square plate  (b) trapezoidal plate  

Figure 4.  Reference points of laminated plate 

Table 4. Material properties of lamina 

EV (GPa) ETV (GPa) GVL (GPa) vTV vVL 

6.26 2.41 5.18 0.33 0.02 

4.2. Finite Element Method (FEM) 

The computations were carried out using the FEM 

eigenvalue program with solid elements. Each layer is 

divided into 3600 elements. Therefore, each plate is divided 

into 14400 elements. In the numerical calculations, the mass 

of the accelerometer was considered. Also, the material 

properties shown in Table 1 were used. Furthermore, to 

apply the FEM (LS-DYNA), the material properties in the 

plate thickness direction (V axis) are need. Therefore, the 

other parameters shown in Table 4 were estimated in 

reference to literature [9]. 

4.3. Comparison of experimental and numerical results 

Figure 5 shows the natural frequencies and mode shapes 

of the cantilevered laminated square plate without attached 

mass. And, Figure 6 shows the natural frequencies and mode 

shapes of the cantilevered laminated trapezoidal plate 

without attached mass. In these figures, the upper edge of the 

plate is a clamped edge, the notation ×  represents the 

location of the attached accelerometer. From these figures, 

one can see that the difference between experimental and 

numerical natural frequencies is about 3.6% at the most. 

Also, it follows that one can find good agreement between 

experimental and numerical mode shapes. 

5. Effect of Moment of Inertia of Attached Mass  

Figures 7 to Figure 9 show the natural frequencies and 

mode shapes of the laminated square plate with attached 

mass. Also, Figure 10 to Figure 12 show the natural 

frequencies and mode shapes of the laminated trapezoidal 

plate with attached mass. In these figures, the upper edge of 

the plate is a clamped edge, the notation ● represents the 

location of  attached mass, and ×  represents the location of 

the attached accelerometer. From the numerical and 

experimental results, the similar results were obtained. The 

natural frequency of the plates with attached mass is smaller 

than that of the plates without attached mass. With the 

increase of the moment of inertia of the attached mass, the 

natural frequency of the plate is decreasing. Also, the lower 

mode shapes do not change with the increase of the moment 

of inertia of the attached mass. 

 
Figure 7. Experimental and analytical results of FRP laminated square 

plate with attached mass (K) 
 

Figure 5. Experimental and analytical results of FRP laminated square 
plate without attached mass 

Figure 6. Experimental and analytical results of FRP laminated 
trapezoidal plate without attached mass 
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Figure 8. Experimental and analytical results of FRP laminated square 

plate with attached mass (L) 

 

Figure 9. Experimental and analytical results of FRP laminated square 

plate with attached mass (M) 

 

Figure 10. Experimental and analytical results of FRP laminated 

trapezoidal plate with attached mass (K) 

 
Figure 11. Experimental and analytical results of FRP laminated 

trapezoidal plate with attached mass (L) 

 
Figure 12. Experimental and analytical results of FRP laminated 

trapezoidal plate with attached mass (M) 

6. Conclusions  

The experimental and numerical approaches were 

applied to the free vibration of cantilevered symmetrically 

laminated plates with and without the attached mass. First, 

by applying the experimental modal analysis technique to 

the cantilevered symmetrically laminated plates with and 

without the attached mass, the natural frequencies and mode 

shapes of the plates were obtained. Next, the natural 

frequencies and mode shapes of the cantilevered 

symmetrically laminated plates with and without the 

attached mass were calculated by Finite Element Method 

(FEM). 

From the all experimental and numerical results, one can 

see that the difference between experimental and numerical 

natural frequencies is about 5.7% at the most. Also, it 

follows that one can find good agreement between all 

experimental and numerical mode shapes. Accordingly, one 

can see good agreement between experimental and 

numerical results.  
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From the experimental and numerical results, it follows 

that: (1) the natural frequency of the plates with attached 

mass is smaller than that of the plates without attached mass, 

(2) the fundamental natural frequency of the plates is hardly 

influenced by the difference in the moment of inertia of the 

attached mass, (3) with the increase of the moment of inertia 

of the attached mass, the natural frequency of the plate is 

decreasing, (4) the higher mode shapes of the plates change 

with the increase of the moment of inertia of the attached 

mass. Therefore, not considering the shape of attached mass 

and considering the attached mass as the concentrated load, 

it is a problem to analyze the free vibration of the laminated 

plate with attached mass. 
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