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Abstract 

In this paper, we examine a point-to-point motion task of a flexible manipulator with macro fiber composite (MFC) and then propose a 

new feedforward control method to suppress driving energy and residual vibration simultaneously. For this, we use an MFC attached to 

one side of the flexible manipulator that has one revolute joint as an actuator. We attempt to express the joint angle in the control 

technique by combining cycloidal and polynomial functions. On the other hand, the input voltage profile of the MFC is expressed using 

Gaussian functions. The trajectory of the joint angle and the input voltage profile are dependent upon the coefficients of the polynomial 

function and the Gaussian functions, respectively. The trajectory and the input voltage profile are optimized simultaneously to cancel 

the residual vibration under saving energy by tuning the coefficients using the particle swarm optimization algorithm. The effectiveness 

of the proposed method is verified by performing simulations and experiments. Thus, our findings confirmed that the simultaneous 

optimization of the trajectory of the joint angle and the input voltage of the MFC saves more energy than only the optimization of the 

trajectory. Therefore, we could establish an energy-saving feedforward control method by driving two actuators. 
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1. Introduction 

Lighter structures are generally preferred in industrial 

machinery, from the viewpoint of high-speed operations 

to improve production efficiency. In particular, there is an 

increased demand for such structures for robotic 

manipulators, which are key components of industrial 

robot systems. A low-stiffness manipulator induces 

undesirable vibrations, adversely affecting the accuracy of 

robotic operations. From this perspective, numerous 

studies [1]–[6] have focused on the vibration control of 

low-rigidity robot manipulators, treating them as flexible 

manipulators. In recent years, vibration control of thin-

walled structures using piezoelectric elements as actuators 

has gained much research attention [7]–[12]. Specifically, 

macro fiber composite (MFC), which is a piezoelectric 

element, is more suitable for vibration control of flexible 

structures due to its flexibility, durability, and higher 

power compared to conventional piezoelectric ceramic 

PZT. Some researchers have investigated the vibration 

control of flexible manipulators using MFC as actuators. 

For example, Yang et al. [13] investigated the dynamic 

modeling and adaptive vibration suppression of a flexible 

macro-micro manipulator, which comprised a macro stage 

and a flexible MFC micromanipulator. They considered a 

nonlinearity of the MFC based on the Bouc–Wen 

hysteresis equation in dynamic modeling. They also 

presented a hybrid control strategy consisting of a 

trajectory planning method of the joint angle of the macro 

stage and an adaptive variable structure control by the 

MFC actuator to simultaneously suppress the vibration 

during and after the positioning. Wang et al. [14] proposed 

a robust vibration control technique for the MFC 

micromanipulator based on a macro stage in translational 

motion. They employed an asymmetric Prandtl–Ishlinskii 

hysteresis model in their proposed technique to capture the 

hysteresis nonlinearity of an MFC. They also adopted a 

perturbation H-infinity controller to compensate for 

structural uncertainty. Feng et al. [15] developed a model-

independent adaptive fuzzy controller (AFC) for 

suppressing the vibrations of a two-link flexible 

manipulator system, where a pair of MFC actuators were 

attached to the root of each flexible link. They also 

demonstrated the effectiveness of the control performance 

of the proposed AFC using both simulations and 

experiments. 

However, most of the studies of flexible manipulators 

have focused only on vibration suppression, and there is a 

lack of sufficient research on feedforward vibration 

control that is compatible with energy conservation. Thus, 

the present authors [16]–[18] have studied the point-to-

point (PTP) control problem of mechanical systems 

consisting of flexible links and have proposed feedforward 

vibration control methods that simultaneously minimize 

the driving energy and residual vibration. A previous study *Corresponding author. 
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[19] established a trajectory planning method for flexible 

robotic manipulators using a combination of cycloidal and 

polynomial functions to minimize residual vibration and 

operating energy simultaneously. The findings of our 

previous research indicated that the energy saving of 

flexible manipulators could be further enhanced by 

actively utilizing their inherent flexibility. Therefore, this 

paper investigates the feedforward vibration control 

method of a flexible manipulator with an MFC actuator, 

and then inquires the possibility of further energy savings 

from the interaction of the two actuators, a servo motor 

and the MFC. This paper contributes to presenting a novel 

energy-saving feedforward control technique for a flexible 

manipulator by utilizing MFC as an actuator. 

2. Experimental Setup and Mathematical Model 

The dimensions of the flexible manipulator treated in 

this study are shown in Fig. 1. A brass beam measuring 

510 mm (length, l) × 65 mm (width, b) × 1 mm (thickness, 

h) is used as the flexible manipulator, and a piezoelectric 

device is attached to one side of the manipulator at 16 mm 

from the fixed end. An MFC (M-8557-P1) is used as the 

piezoelectric device, and its input voltage ranges from 

−500 to 1500 V. 

 

 

 

 

 

 
Figure 1. Schematic sketch of the flexible manipulator 

 

 

Figure 2. Photograph of the experimental setup 

 

 

 

 

 

 

 

 

 

 
Figure 3. Schematic diagram of the experimental setup 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Coordinate systems of flexible manipulator 

 

A photograph and schematic diagram of the 

experimental setup are shown in Figs. 2 and 3, 

respectively. Figure 4 depicts the coordinate systems of 

the flexible manipulator, where the radius of the rigid hub 

(45 mm) is denoted by a. The joint angle θ of the flexible 

link is actuated by an AC servomotor (YASKAWA: 

SGMMJ-A3EAAJ361K), which is operated in the speed 

control mode using a servo drive (YASKAWA: SGDJ-

A3ESY32). The displacement w of the flexible 

manipulator is measured by attaching a strain gauge to the 

opposite side of the MFC. The motor torque τ is monitored 

using the servo drive. The MFC is driven using a power 

amplifier (TREK: MODEL 2220) for piezo actuators, and 

its drive voltage is measured from the analog monitor 

function of the power amplifier. Measurement and control 

of the experimental setup are implemented on a DSP board 

(dSPACE: DS1104), which has a sampling rate of 500 Hz. 

As shown in Fig. 4, the MFC is attached to the upper 

surface of the manipulator and is stretched since the 

displacement w is positive upward y. Consequently, the 

manipulator is deformed in the negative direction when a 

positive voltage is applied. 

Based on the modeling of flexible manipulators in a 

previous study [16], we assume that the equations of 

motion are as follows: 

2 2

1 2 32W W W W u      + + + + = −    (1) 

1 2W c    + + =    (2) 

where W denotes the modal amplitude of the first vibration 

mode, u denotes the control input from the MFC, and ζ and 

cθ denote the viscous damping and friction coefficients, 

respectively. A dot denotes the derivative with respect to 

time t. Note that the flexible manipulator is approximated 

as a uniform beam because the thickness of the MFC is 

very thin (0.3 mm). The characteristic of the MFC is 

approximated by the following first-order system 

u u v= +    (3) 

where v denotes the input voltage of the MFC. 
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Table 1. Identified parameters 

Parameter Value Unit 

α1 2.708 × 10−1 m 

α2 2.176 × 10−1 - 

α3 3.062 × 10−2 m/(Vs3) 

ζ 1.366 × 10−2 - 

β1 2.232 × 10−2 kgm2 

β2 8.258 × 10−2 kgm 

cθ 2.989 × 10−2 Nms/rad 

β −83.23 1/s 

 

Since the proposed method belongs to a feedforward 

controller, its performance depends on the accuracy of the 

controlled object. Thus, the values of the coefficients in 

equations (1)-(3) are determined from parameter 

identification experiments in order to obtain an accurate 

mathematical model [18]–[20]. These values are 

determined in the identification technique so that the 

simulation and experimental results are in good agreement 

with each other. The obtained values are listed in Table 1. 

The validity of the values will be shown by experimental 

results in a later section. 

3. Feedforward Control Method 

In this section, we deal with the PTP motion of the 

flexible manipulator and present a feedforward control 

technique for suppressing residual vibrations with 

minimum driving energy consumption. 

We attempt to express the joint angle profile of the 

flexible manipulator as the following cycloidal function 

[19] 

sin[2 ( )]
( ) ( ) , [0, ]

2
E E

U t
t U t t T


 



 
= −  

 
   (4) 

where θE and TE denote the target angle and traveling time 

of the PTP motion, respectively. The input function U(t) 

of the cycloidal function is defined as [19] 

2 1

1

( ) (1 )
M

m

m

mE

t
U t T a T

T

−

=

= + −     (5) 

where  

2
1

E

t
T

T
= − +    (6) 

The input voltage profile of the MFC is represented by 

using a Gaussian function: 

2
2

2

( )
( ) (1 ) exp , [0, ]E

T c
v t T d t T



 −
= − −  

 
   (7) 

where the definition of T is the same as in Eq. (6). Figure 

5 indicates the output of Eq. (7) in a graph when TE = 1, d 

> 0, c = −1, and σ2 = 0.1, in which the maximum value is 

normalized to 1. As shown in Fig. 5, the Gaussian function 

outputs a pulse-like waveform, whose voltage we will 

attempt to apply to the MFC in this study. The parameter 

c in Eq. (7) is set to c = −3. The value of the parameter d 

is adopted so that the maximum value of v is 1000 V. 

The trajectory θ(t) and the input voltage profile v(t) 

depend on the coefficients am in Eq. (5) and σ in Eq. (7), 

respectively. Hence, the coefficients need to be tuned in 

order to suppress the residual vibration under the saving 

energy. An overview of the parameter tuning method is 

given below. 

 

 
Figure 5. Shape of the Gaussian function 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. Schematic algorithm of the proposed method 

Randomly initialize coefficients am and σ 

Trajectory θ(t) is obtained from Eqs. (4) and (5) 

Input voltage v(t) is obtained from Eq. (7) 

Numerical integration of Eqs. (1) and (3) yields 

the displacement w 

Inverse dynamics analysis of Eq. (2) yields the 

motor torque τ 

The objective function (8) is calculated by τ 

Coefficients am and σ are updated 

Optimal trajectory and input voltage are obtained 
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Figure 6 shows the algorithm of the proposed method. 

First, we give a driving condition (θE and TE). The 

coefficients am and σ are set as optimization parameters, 

and then we generate the trajectory θ(t) and the input 

voltage profile v(t) from Eqs. (4), (5), and (7). The 

numerical integrations of Eqs. (1) and (3) yield the 

displacement w of the flexible manipulator. We then 

determine the motor torque τ from the inverse dynamics 

analysis of Eq. (2) using the obtained accelerations   and

w . To simultaneously minimize the residual vibration and 

driving energy, we define the objective function F as 

follows [21]: 

1 2

1 1

| | | |
I I J

i i

i i I

F F F  
+

= = +

= + = +     (8) 

where τi denotes the torque at sampling time Δt = 2 ms and 

I = (TE+1)/Δt. The function F1 denotes the total sum of the 

torques until the positioning of the PTP motion. The 

function F2 represents the sum of the torque for 1 s after 

the positioning, where J = 1/Δt. Minimization of F1 and F2 

can suppress the driving energy and the residual vibration, 

respectively. The particle swarm optimization (PSO) 

algorithm [22] tunes the optimized parameters to minimize 

the objective function (8). Finally, the optimal trajectory 

and input voltage are obtained. Note that the residual 

vibration can be suppressed with energy savings when the 

flexible manipulator is driven using optimal trajectory and 

input voltage, and the proposed method belongs to the 

feedforward vibration control scheme. 

4. Simulation and Experimental Results 

Numerical simulations and experiments are performed 

to verify the validity of the proposed energy-saving 

feedforward vibration control method. The below 

simulations involve 50 particles and 400 iterations 

(maximum) in the PSO algorithm. The number of terms in 

Eq. (5) is adopted as M = 6, and the ranges of the 

optimization parameters are defined as 

2

[ 0.2, 0.2], ( 1, 2, , 6)

10 , [ 1, 0]

m

q

a m

q −

 − = 


=  − 
   (9) 

Figure 7 shows a comparison of the simulation results 

obtained by the present method and a cycloidal motion, in 

which the driving condition is set as θE = −π/4 rad and TE 

= 1.0 s. The cycloid motion is obtained as U(t) = t/TE in 

Eq. (4). Here, note that the MFC is not driven for the 

results of the cycloid motion. The time histories of the 

joint angle, angular velocity, tip displacement, input 

voltage, and motor torque are depicted in Figs. 7 (a)–(e), 

respectively. The cycloidal motion induces the residual 

vibration after the positioning (t > 1 s), and this residual 

vibration causes torque to keep the joint angle at the target 

angle θE, as shown in Fig. 7 (e). After the positioning, the 

vibration and torque are perfectly canceled in the present 

method. Thus, this indicates that the proposed method, 

which is based on minimizing the drive torque defined in 

Eq (8), can suppress the residual vibration. 

 
Figure 7. Comparison of simulation results obtained using the present 

method and a cycloidal motion (TE = 1.0 s and θE = −π/4 rad): (a) joint 

angle, (b) angular velocity, (c) tip displacement, (d) input voltage, and 

(e) motor torque 
 

Figure 8 illustrates a comparison of the simulation and 

experimental results obtained by the present method, 

where the driving conditions are the same as in Fig. 7. As 

shown in the figure, the simulation and experimental 

results are in good agreement with each other, thus 

validating the modeling of the flexible manipulator with 

the MFC. As shown in Fig. 8 (b) that depicts the time 

history of tip displacement, the proposed method also 

suppresses the residual vibration in the experiment. This 

confirms the effectiveness and feasibility of the 

feedforward vibration control technique through the 

simultaneous optimization of the two actuators. For 

comparison, the results obtained by the previous study 

[19], in which the trajectory of the joint angle is only 

optimized without using the MFC, are shown in Fig. 9. As 

shown in this figure, residual vibration suppression can be 

achieved in both simulation and experiment. Figure 10 

presents a comparison of the simulation results obtained 

by the present and previous studies shown in Figs. 8 and 

9, respectively. Figures 10 (a) and 10 (b) indicate tip 

displacement and motor torque, respectively. As shown in 

Fig. 10 (a), the maximum value of displacement at t = 0.18 

s in the present study is less than that in the previous study 

[19]. This reduction in the maximum displacement is 

caused by MFC actuation whose input voltage has a peak 

at around t = 0.25 s as shown in Fig. 8 (d). Due to this 
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deformation suppression effect, the maximum value of the 

torque is also slightly lower in the present method than in 

the previous study [19]. 

Regarding the energy-saving effect of the present 

method, Table 2 shows a comparison of the driving energy 

calculated by the experimental data under three driving 

conditions (θE = −π/4 rad and TE = 0.9 s), (θE = −π/4 rad 

and TE = 1.0 s), and (θE = −π/2 rad and TE = 1.1 s). The 

values in parentheses are obtained from the simulation 

results. The driving energy Ene is defined as follows: 

0
| |

E

Ene d


 =                                (10) 

The vibration control performance of both methods was 

also checked under driving conditions (θE = −π/4 rad and 

TE = 0.9 s) and (θE = −π/2 rad and TE = 1.1 s). The time 

history data comparing simulation results with 

experimental results are presented in the Appendix. The 

experimental results tend to have larger values than the 

simulation results probably due to the frictions of the 

motor, which are not considered in the mathematical 

model. As demonstrated in Table 2, under all drive 

conditions, the values for the present method are smaller 

than those for the previous method, and the energy-saving 

effect of the proposed method can be confirmed by 

actuating the MFC. On the other hand, the driving energy 

of the MFC is not considered, as shown in Eq. (10). Figure 

11 shows the displacement obtained from the simulation 

when the joint angle of the manipulator is fixed, and the 

input voltage shown in Fig. 7 (d) is applied to the MFC. 

By using this displacement data, the driving energy of the 

MFC can be calculated from the maximum potential 

energy as follows: 

 

 
Figure 8. Comparison of simulation and experimental results obtained 

using the present method (TE = 1.0 s and θE = −π/4 rad): (a) angular 

velocity, (b) tip displacement, (c) input voltage, and (d) motor torque 

2
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                       (11) 

where EI represents the flexural rigidity of the flexible 

manipulator. Note that the maximum amplitude of the tip 

displacement is only about 0.8 cm and the calculated 

energy of the MFC is about 1 × 10−4 J, which is 

significantly less than that of the motor and can be ignored. 

Therefore, this finding shows that the proposed method 

enables further energy savings under residual vibration 

suppression. 

 

 
Figure 9. Comparison of simulation and experimental results obtained 

using the previous method (TE = 1.0 s and θE = −π/4 rad): (a) angular 

velocity, (b) tip displacement, and (c) motor torque 

 

 
Figure 10. Comparison of simulation results obtained using the present 

method and the previous method (TE = 1.0 s and θE = −π/4 rad): (a) tip 

displacement and (b) motor torque 
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1.73 × 10−1 

(1.64 × 10−1) 
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Figure 11. Tip displacement calculated using the input voltage of MFC 

shown in Fig. 7 (d) when the joint angle is fixed 

5. Summary 

This study examined the PTP control problem of a 

flexible manipulator that consists of two actuators, a servo 

motor and MFC, and proposed a novel energy-saving 

feedforward control technique. Simulation and 

experimental results revealed that simultaneous 

optimization of the input voltage of MFC and the 

trajectory of the joint angle is more energy-saving than 

only optimization of the trajectory of the joint angle. To 

the best of our knowledge, this study presents a novel 

finding that the driving energy of a flexible manipulator 

can be reduced by utilizing deflection due to an MFC 

during a PTP motion. 
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Appendix A. Experimental validation 

Figures A1–A4 present a comparison of simulation and 

experimental results obtained using the present and 

previous methods under the driving conditions (θE = −π/4 

rad and TE = 0.9 s) and (θE = −π/2 rad and TE = 1.1 s). As 

shown in Figs. A1–A4, the experimental results are in 

good agreement with the simulation results. We also 

demonstrate that the proposed feedforward vibration 

control technique is effective and feasible. 
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Figure A1. Comparison of simulation and experimental results obtained 

using the present method (TE = 0.9 s and θE = −π/4 rad): (a) angular 

velocity, (b) tip displacement, (c) input voltage, and (d) motor torque. 

 

 
Fig. A2 Comparison of simulation and experimental results obtained 

using the previous method (TE = 0.9 s and θE = −π/4 rad): (a) angular 

velocity, (b) tip displacement, and (c) motor torque. 

 

 
\Fig. A3 Comparison of simulation and experimental results obtained 

using the present method (TE = 1.1 s and θE = −π/2 rad): (a) angular 

velocity, (b) tip displacement, (c) input voltage, and (d) motor torque. 

 

 
Fig. A4 Comparison of simulation and experimental results obtained 

using the previous method (TE = 1.1 s and θE = −π/2 rad): (a) angular 

velocity, (b) tip displacement, and (c) motor torque. 
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