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Abstract

The Rayleigh-Ritz Method (RRM) is used extensively for the vibration analysis of structures. The accuracy depends on the assumed
functions. In this work, we include both sine and cosine functions in the admissible functions, which is the first time to represent symmetric
and anti-symmetric modes. Several different groups of functions are examined and compared for the accuracy of the resulting natural
frequencies, and for the overall mode shape error norms calculated with respect to the known exact solutions. It is concluded that a set that
combines low order polynomials, odd cosine and odd sine functions, or, even cosine and even sine functions, is more likely to yield the best

accuracy and convergence of both frequency and mode shapes for a general beam structure.
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1. Introduction

The Rayleigh-Ritz method (RRM) [1]-[4] has been used
extensively for structural vibration problems. A complete
presentation of the method and its use was published [5]. The
main factor in this method is the selection of the functions
that are used to represent the system. Over the years several
types of solution were offered: polynomial functions,
trigonometric functions and combinations of these.
Monterrubio and Ilanko [6] review these functions and
consider a combination of low order polynomials and cosine
functions. In this work several different sets of functions are
compared for the problem of beam vibrations. The
comparisons are presented for the two characteristics of the
vibration problem: the natural frequencies (eigenvalues) and
vibration modes (eigenvectors). For the first one can
calculate a representative relative error, and the second will
be assessed by defining a normalized error norm of the
difference between the approximate vibration modes and the
exact modes.

The study is performed for the classical beam theory of
Bernoulli-Euler, for which the exact vibration characteristics
are known. The enforcement of boundary condition is
performed by adding penalty matrices which account for all
the 4 possible end restraints [5]-[8].
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In past research the sets of functions that were used for
the analysis include: (a) polynomial functions that exhibit
fast convergence but are also prone to ill-conditioning, (b)
polynomial functions that are improved by performing the
Gram-Schmidt orthogonalization procedure [9], (c) Fourier
cosine function with additional polynomial terms [10], and
Fourier sine series with additional polynomial terms [11]. In
all these studies the attention was focused on the vibration
frequencies with no account for the vibration modes
approximations. More recently, Koo et al. used polynomials
to study the natural modes of a telescopic boom system with
multiple sections. They obtained the first-mode natural
frequency with an error of 4.6 % compared to FEM [12].
Bao et al. used two sine functions and several cosine
functions to conduct a vibration analysis of nanorods [13].
They showed the accuracy of the results with eight terms,
but the convergence of the results is not monotonic. Babaei
investigated longitudinal vibration responses of axially
functionally graded optimized MEMS [14]. They used sine
functions or cosine functions depending on the boundary
conditions considered. Ozbasaran evaluated the buckling
analysis of the I-section prismatic beam—columns [15]. They
considered three different series of admissible functions,
namely power, trigonometric, and exponential trial
functions. They used different forms for different restraint
configurations. It was shown that the trigonometric series
give better results compared to the power and exponential
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series forms. Yang et al. presented a general approach for the
free vibration analysis of a circular cylindrical shell resting
on elastic foundation [16]. They used exact beam functions
as admissible functions. The results showed good
convergence and accuracy with 12 terms but only for the
(1,1) mode. Mazanoglu proposed part by part usage of
Timoshenko and Euler—Bernoulli beam theories for
obtaining natural frequencies of the non-uniform beam [17].
The author also presented convergence tests to determine the
proper function among the simple admissible shape
functions, such as polynomial functions and trigonometric
functions. It is shown that using 12 terms gives good
accuracy, and trigonometric functions are superior to
polynomial functions. Fakhar and Hosseini-Hashemi studied
the static bending and free vibration behaviour of Euler
nanobeams using the combination of polynomial and
trigonometric functions [18]. They showed that using more
terms gives more accurate results without ill conditions.

Baruh and Tadikonda [19] have introduced the
requirement for the admissible functions to satisfy the
additional Complementary Boundary Conditions (CBC).
These are defined as the relations that arise due to terms in
the boundary expressions in the variational form of the
equations. It was shown that if the set of admissible
functions violate the CBC it is equivalent to imposing
additional constraints on the solution that will result in slow
convergence, or no convergence to the correct solution at all
for some cases. This was taken care of in the formulations in
[5] by adding terms that enable the enforcement of the CBC
at the end of the beam. Most of the researchers in the past
have used the RRM for plate vibration problems, however
they introduced one dimensional (beam) functions in two
directions to represent the assumed admissible surface of the
plate. However, even for beams, unless the CBC are
satisfied, sometimes it is not possible to get convergence to
the correct solution as the function sets used may be over
constrained [20].

In the present work, the emphasis is put on beam
vibration problems. We include both sine and cosine
functions in the admissible functions to represent symmetric
and anti-symmetric modes. It is shown that including both
sine and cosine functions improves the accuracy of not only
the natural frequencies but also of the mode shapes.

In the next section a brief summary of the method is
presented, followed by five function groups that are tested.
Then the derivation of the stiffness, mass, and penalty
matrices for the analysis is given. Numerical results are
given for several modes and boundary conditions
representative of all the possible cases.

2. The Rayleigh-Ritz Method (RRM) for Beams

For the sake of completeness, some derivations for beam
vibration problems and the Rayleigh-Ritz method (RRM)
are taken from [5] and presented here.

For Bernoulli-Euler beams the equation of motion is

d*y(x
El% — pAw?y(x) =0 @

where, E:Young’s Modulus, I:Second moment of area, p:
density, A: cross-sectional area, x:the axial coordinate,
y:lateral displacement, w: circular frequency of the beam
respectively.

We obtain the terms for the total potential energy and
Kinetic energy as

L 2 2
%:f%@é@)w @
7a=ww=f@%f®&n%x ©
0

In the RRM the functions y(x) are assumed as the sum
of a series product of undetermined coefficients and
admissible functions ¢; (%), with € = x/L as the normalized
coordinate along the member, given by

N
y® = ) 6o %
i=1
In the RRM the natural frequencies are obtained as
it
Dat (5)

where V,,, ¥, are the maximum values of the potential
energy and the kinetic energy function, respectively.

As the Rayleigh Quotient (RQ) given by equation (5)
gives an upper-bound to the natural frequencies, to obtain
the best estimate of the natural frequencies we minimize the
RQ w.r.t the undetermined displacement coefficients, G’s.

dw? 3
aG;

0 (6)

for i=1, 2, .., N. This results in the following system of
equations,

[KI{G} — w?[M]{G} = {0} @)
with
L 0%y
KlLi1= 5606, ®)
oL 07Ty 9)
ML jT = 36,06

The enforcement of the three cases of boundary
condition, i.e. free (F), simply supported (S) and clamped
(C), at the two ends of the beam is done using the penalty
formulation (artificial springs) as derived by llanko et. al.
[5]. The translational restraints (p1 and ps) and the rotational
restraints (pz and pa), shown in Figure 1, have a contribution
to the system potential energy, and it results in the addition
of the following matrix [P]
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P2 Pa
p1 Ps
4 ¢’

Figure 1. A beam with the translational and rotational restraints at its ends

P[i,j] = p1 P[0, j] + 02 Pyli, ] (10)
+p3 Pl j1 + paPiv (i ]
Pili,j1 = 0:i(®) - 9;(§)e=0 (11)
dg:(§) do;
Pyli,jl = q:i;f) : q:i]f(f) le=o (12)
Pili j1 = 9i(€) - 9 (©)]e=1 (13)
do, (&) do;
PIV[iJ] = (ZS) 425(6) |§=1 (14)

and the values of p;, i=1...4 are taken to satisfy the end
restraint, for example, p1 = p2 = 0 for free, p1 =0 and p2 =
for simply supported, and p; = p2 = o for clamped conditions
respectively. (We can also set a numerical value for a
specified spring stiffness for partial restraint). Then Eqn. (7)
will have the final form

(K] + [PD{G} — w?[M]{G} = {0} (15)

The solution of Egn. (7) gives the normalized
frequencies of vibration for the beam and the coefficients G;
that can then be used in Egn. (4) to find the vibration modes.

3. Function Groups

For the vibration analysis of beams using the Rayleigh-
Ritz method the functions used will have to be able to satisfy
all the standard boundary conditions that are at the two ends:
Free (F), Simply Supported (S), Clamped (C), and Guided
(G). The deflected shape of the beam at these locations is
required to have zero deflection (S and C), zero slope (C and
G), and zero curvature (S, F), or zero shear force (F, G) or a
combination of these. The trigonometric functions cosine
and sine can be used for some of the combinations and
provide good approximations for the mode. Obviously for
some boundary conditions they will give exact results, for
example sine series for beams with simply supported ends
and cosine series for beams with gliding ends. In some cases
the use of these functions will make the compliance with the
required boundary values more complicated, and a larger
number of functions will be required for good results. These
considerations were taken in the groups of functions that are
proposed in this work.

As the terms in the stiffness and mass matrices ([K] and
[M]) involve integrals of multiplications of the selected
functions, the use of the cosine and sine functions will have
the benefit of orthogonality, such that for some of the
integrals we shall have zero values, and in some, the
resulting matrices will be diagonal. This will speed up the

convergence and reduce the influence of numerical and
round-off errors in the calculations.

In order to be able to satisfy the boundary conditions it
was shown in Ref. [5] that we need to have the following
three functions:

P (®) =1
(&) =% (10)
p3(8) = &

These three functions are needed to enable translations
and rotations at the two ends of the beam segment. In
addition to these three functions it is possible to add more
functions that will improve the accuracy of the natural
frequencies and the mode shapes of the beam.

The choice of the additional functions is wide and several
possibilities are examined in this work and are grouped as
follows. All the groups will have the first 3 function ¢1(%),
@2(£), and @3(&) and some additional functions.

(a) Function Group 1 — FG1:
In this group we add the Fourier cosine series with Ni
terms:
Pi43(&) = cos(imé), i=123,..,N1  (11)
This series of functions was used in the calculations in
Ref. [5].

(b) Function Group 2 — FG2:
In this group we add the Fourier sine series with N
terms:

¢l+3(€) = Sln(iﬂg) ’ i= 1I2)3I ey N2

(12)
This group is similar to FG1, however it is expected to
yield faster and more accurate results for cases with
hinged ends.

(c) Function Group 3 — FG3:
In this group we add the Fourier cosine and sine series
with N3 terms:
$2i+2(§) = cos(ing),
P2i+3(§) = sin(ims), (13)
i=123,..,N3

This group is combining the previous two.

(d) Function Group 4 — FG4:
In this group we add only the odd terms in Fourier cosine
and sine series with N4 terms:

@2i+2(§) = cos[(2i — Dné],
©2i43(§) = sin[(2i — Dng], (14)
i=123..,Ng

Using these functions we still preserve the orthogonality
of the trigonometric functions as was the case for the
FG1 and FG2 cases. Mass matrix has off-diagonal terms
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only in the first three rows and columns which
correspond to the terms involving the linear and square
polynomials [6], and this helps to zero most of the off-
diagonal terms.

(e) Function Group 5 — FG5:
In this group we add the only the even terms in Fourier
cosine and sine series with Ns terms:

©2i+2(§) = cos(2iné),
©2i+3(§) = sin(2in¢), (15)
i=123..,Ns

In this group also, all the trigonometric functions in the
group are orthogonal to each other, as was the case for
the FG1 and FG2 groups.

4. The Stiffness, Mass and Penalty Matrices

In this section the matrices [K];, [M]; and [P]; for the five
function groups, j=1...5, (FG1 to FG5), are given as follows.
All the matrices are symmetric so only the upper triangle
will be given. The matrices are subdivided into 4 sub-
matrices as follows

Kpaj Kup j
(B3x3) ((BXxNp)
[K]; = (16)
Kpa Kgp

(Ngx3) (NgXNp)

My, Myp,;
Bx3) (BxN)
[M]; = (17)
Mgy Mpg
(Ngx3) (NgXNg)
Pyaj Pypj
Bx3) (@BxN)
[P]; = (18)
Py Ppp

(Ngpx3) (NgXN)

where Nt is the number of functions taken in each function
group (FG). The explicit terms in these matrices are given in
Appendix 1.

5. Orthogonality of the Admissible Functions

The terms in the [K]; and [M]; involve integrations and
differentiation of the assumed functions, as follows

1 dz(p- dzgo
. _ J k
KG k)= | —F—5dx (19)
L (20)

M@, k) = f @j @i dx
0

where those for the penalty matrices involve evaluations of
the functions at the boundary points (Egs. 11-14). As was
shown, in some function groups the functions are orthogonal
and this will result in simpler K and M matrices, as follows:

(a) FG1 —K matrix is diagonal, Mgs is diagonal

(b) FG2 — for this group we will have more complex terms,
and some of the values in the penalty function related to
the derivatives of the function will not be equal to zero.

(c) FG3 — In using both sine and cosine terms (seemingly
more complete expansion) the orthogonality of many
terms is violated and many new terms will be present in
all the matrices. This is expected to cause convergence
difficulties and increase the relative errors.

(d) FG4 — In this group the sine and cosine functions are
taken as the orthogonal terms only, and one will expect
better performance as the boundary conditions could be
satisfied by fewer terms.

(e) FG5 — This group is similar to the fourth group, and may
have better performance for certain combinations of
boundary conditions.

The accuracy in the computation of the eigenvalues and
eigenvectors is affected significantly by the structure of the
matrices involved. The better FG which will be
recommended is the one that result in smaller relative
numerical errors in both the vibration frequencies and
modes.

6. Numerical Results and Discussion

The natural frequencies and mode shapes are obtained
using MATLAB. The comparison of the numerical accuracy
of the various groups will be done using two comparison
criteria:

1. Relative error of the natural frequencies, compared
to the exact solutions available in the existing
literature [5], [21], and

2. The magnitude of the error norm in the mode shape
taken as

o ® —Ya©) g

o ()’ a8

where Y, (&) is the high accuracy mode shape for the
particular set of boundary conditions given by Blevins [21],
and N is the number of functions used for the solution. Both
functions are normalized such that the maximum value of
the deflection in a particular mode is equal one, so that one
can obtain meaningful results for the norm. In the results that
are presented, for each frequency the error norm is
calculated with respect to the same exact known mode
shape, and thus can be used for comparison within that

group.

lle(W)Il = (16)
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Table 1. Relative error in frequency - FF Beam

Table 3. Relative error in frequency — CC Bean

N Ny FG1 FG2 FG3 FG4 FG5 N N FG1 FG2 FG3 FG4 FG5
2% N; C 2% N, S N; C+ N; OC N EC 2* N C 2* N¢ S N¢ C+ N¢ N OC N¢ EC
NeS  +N;OS +N¢ES S *N,OS  +NGES
Oroxect = 473004074, Sym., Noin = 5 O eract = 473004074, Sym., Nomin = 5
5 1 148E-02 250E-01 250E-01  2.50E-01  1.48E-02 > 1 93BE0L 191E02  161E02  101E.02  9.33E.01
7 2 612604 131E-02 142603 131E-02  6.12E-04 2 221801 104E04  885E05 102804 221E-01
9 3 6o/E05 200E03 191E05 200508 6.67E.05 9 3  830E-02 -139E-05 -2.18E-05 -1.91E-05  8.30E-02
aous = 7 85320462, A-Sym. Nem = 7 11 4 396E-02 -231E-05 -261E-05 -3.02E-05  3.96E-02
5 1 154E+01 1.11E+00 154E+01 1.54E+01 1.11E+00 1835 218E-02 -182E-05  -3.06E05  -226E05  2.18E-02
7 3 5u07  B70R0? A0l SBIN02 579502 23 10  3.15E-03 -5.42E-05 -2.41E-05 -3.96E-05  3.15E-03
9 3  409E-03 173E-02 571E-03  4.09E-03  173E-02 e = 7.85320462, A-Sym., Nun = 7
11 4 50306 SO07E03 163504 593E04  5O07E.03 7 2 123E+00 1.31E+01  3.60E-02  1.23E+00  1.31E+01
13 5 130504 L1B9E.03 5OIE.06 13004  189E03 191 i 374E-01  7.99E+00  9.07E-04  3.74E-01  7.99E+00
1.61E-01  5.74E+00  3.41E-05  161E-01  5.74E+00
— lz‘;fgf‘“ = ég'lgggfoml’ Q?E’Tdé Nm'g ;12_01 rol 13 5  820E-02  448E+00 -3.03E-05  820E-02  4.48E+00
9 3 110E0D  GeoE02 140003 602 11sE00 23 10 105802 2.13E+00 -321E-05  1.05E-02  2.13E+00
11 4  202E-03 155E-02 9.62E-06  1.55E-02  2.02E-03 @300 = 10.9956078, Sym., Newin = 7
13 5 511F08  515E.03  926E.07 515E03  511E-04 7 2 130E+00 165E-01 127E+00  165E-01  1.30E+00
23 10 i 9 3  470E-01 458E-03 8.30E-03  458E-03  4.70E-01
6.14E-06  1.67E-04 2.86E+01 1.67E-04  6.14E-06 11 4 2.22E-01  3.43E-04  6.84E-06 3.37E-04 2.22E-01
Oaoxac = 141371655, A-Sym., Nogn = 9 13 5  122E-01  244E-05 -7.10E-05  1.36E-05  1.22E-01
9 3 162E01 20lE-01 240E+00 162E-0L  2.01E-01 23 10 177E-02  -2.02E-05 -A37E-05  -6.05E-05  1.77E-02
11 4 212602 551E-02 211E-03 212602 551E-02 Oaexect = 14.1371655, A-Sym., Ninin = 9
13 5 4.51E-03 2.02E-02 3.40E-05 4.51E-03 2.02E-02 9 3 1.29E+00  1.03E+01  1.59E+00 1.29E+00 1.03E+01
05 oxact = 17.2787597, Sym., Nipip = 9 11 4 5.28E-01 6.84E+00 1.34E-02 5.28E-01 6.84E+00
9 3 205001 BOAE0L 5726400 B.04E0L  2.05E-01 13 5  270E-01 5.13E+00 7.97E-05  270E-01  5.13E+00
11 4 226602  114E-01  121E-01  144E-01  3.26E-02 23 10 3.40E-02  2.27E+00 -597E-05  3.40E-02  2.27E+00
13 5  793E-03 3.38E-02 3.36E-04 3.38E-02  7.93E-03 O exact = 17.2787597, Sym., Nimin = 9
Or0emaet = 32.98672, A-Sym., N = 15 9 3  126E+00 3.13E-01 4.82E+00  3.13E-01  1.26E+00
15 6 3.11E-01 3.66E-01 198E+01 3.11E-0L  3.66E-01 11 4 561E-01  169E-02  146E-01  169E-02  561E-01
17 7 866E-02 151E-01 2.36E+00 8.66E-02  1.51E-01 13 5 3058:01  2156-03  175E-03 ~ 214E-03  3.05E-01
23 10 - 23 10 4.38E-02  7.33E-05 7.96E-05  9.16E-05  4.38E-02
6.21E-03  2.48E-02 9.52E+00 6.21E-03  2.48E-02 ©100ct = 32.98672, Sym., Npin = 10
23 10 186E-01 2.79E+00 -1.95E-04  1.86E-01  2.79E+00
33 15 547E-02  166E+00 -2.37E-04  5.47E-02  1.66E+00
43 20 2.30E-02  1.18E+00 -4.83E+00  2.30E-02  1.18E+00

Table 2. Error norm of the normalized vibration

modes — FF Beam

N N¢ FG1 FG2 FG3 FG4 FG5

2*N;C  2* NS N¢ C+ N¢ S N¢ OC N¢ EC

+N;:OS + NfES
O exact = 4.73004074

5 1  4.62E-03 2.18E-02 2.18E-02 2.18E-02  4.62E-03

7 2  4.38E-04 1.83E-03 6.68E-04 1.83E-03  4.38E-04

9 3 8.44E-05 3.65E-04 4,28E-05 3.65E-04  8.44E-05
@pexact = 7.85320462

5 1 297E-01 1.05E-01 2.97E-01 2.97E-01  1.05E-01

7 2  165E-02 1.16E-02 5.03E-02 1.65E-02  1.16E-02

9 3 2.29E-03 2.72E-03 2.55E-03 2.29E-03  2.72E-03

11 4  545E-04 9.07E-04 2.56E-04 5.45E-04  9.08E-04

13 5  1.77E-04 3.74E-04 2.99E-05 1.77E-04  3.75E-04
®3exact = 10.9956078

7 2  3.26E-02  8.59E-02 1.55E-01 8.60E-02  3.26E-02

9 3 579E-03 1.22E-02 2.36E-03 1.22E-02  5.79E-03

11 4 162E-03 3.39E-03 9.82E-05 3.40E-03  1.62E-03

13 5 583E-04 1.27E-03 1.74E-05 1.27E-03  5.83E-04

23 10 2.15E-05 5.82E-05 1.59E+00 5.82E-05  2.15E-05
Waexact = 14.1371655

9 3 5.04E-02  3.44E-02 2.10E-01 5.04E-02  3.45E-02

11 4  107E-02 1.06E-02 3.78E-03 1.07E-02  1.06E-02

13 5 3.35E-03 4.25E-03 2.47E-04 3.35E-03  4.25E-03
W5 exact = 17.2787597

9 3 6.84E-02 1.46E-01 3.61E-01 1.46E-01  6.84E-02

11 4  165E-02 2.64E-02 3.90E-02 2.65E-02  1.65E-02

13 5 570E-03 8.79E-03 1.20E-03 8.79E-03  5.70E-03
®10,exact = 32.98672

15 6  156E-01 9.81E-02 7.69E-01 1.56E-01  9.82E-02

17 7 5.85E-02 4.07E-02 3.23E-01 5.85E-02  4.08E-02

23 10 149E-02 7.64E-03 1.59E+00 1.49E-02  7.70E-03

In the numerical results for the different groups the
number of functions that were used was the same, i.e. N =
Ni + 3, with Ny = N2 = Na= Ns = 2*Ns, and N3 = Nr. Using
the penalty function to enforce the restraints results in the
need for minimal number of functions in the analysis in
order to obtain reliable results as some are used to satisfy the
boundary conditions. For each of the cases presented below
there is a different number, as the number of restraints is
different. So, in the following presentation of the results this
minimum number of functions is given for every frequency.
The tables include the meaningful results for the cases and
are given until the relative error is very small. For several of
the cases we can identify symmetric and anti-symmetric
modes and these are also pointed out in the tables. The type
of functions in each column in the tables, is given where C
stands for cosine functions, and S stands for sine functions.
The letters O and E indicate odd functions only, and even
functions only, respectively.

(a) Free — Free Beam

Tables 1 and 2 give the results for the F-F case where no
penalty matrices are needed. It can be seen that the better
convergence among the five FG, for both the value of the
frequency and the error norm of the modes, is not the same
for all the modes. It alternates between the FG1, FG4, and
FG5 combinations, for the frequencies and between the FG1,
FG2, and FG5 combinations for the normalized modal error,
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dependent also on the mode being symmetric or anti-
symmetric for the particular frequency.

(b) Clamped — Clamped Beam

The results for this case are given in Tables 3 and 4. For
this case results from the functions in FG4 are the best for
both frequency and modal normalized errors. The results
from FG1 and FG2 groups are equivalent to the best results
from FG4, for the symmetric (FG2) and anti-symmetric
(FG1).

(c) Clamped — Simply Supported Beam

The results for this case are given in Tables 5 and 6. This
case in not symmetric in terms of boundary conditions as
were the first two. Then, we expect that since the modes
cannot be cast into symmetric and anti-symmetric classes,
there is an advantage to the function groups that will include
both sine and cosine functions (FG3, FG4, and FG5). In the
results we can observe the FG3 performs the best for the
lower frequencies and modes, but for the higher modes FG4
has the advantage. This is explained by the fact that not all
the functions in FG3 are orthogonal to each other, and as was
the case for other studies, in such cases numerical accuracy
is affected significantly from the large number of off
diagonal terms in the matrices, when the number of function
in the group is increased.

Table 4. Error norm of the normalized vibration modes — CC Beam

(d) Clamped — Free Beam

The results for this case are given in Tables 7 and 8. This
case is also not symmetric and the results obtained from FG3
are the best, subject to the restriction in the number of
functions. Overall, for this case FG4 vyields the best
performance.

As was shown in the numerical results, in each case the
advantage is to either the FG4 or FG5 group. For Free-Free
beam, FG1 also give as good results as FG4 or 5 does for the
natural frequencies. However, for mode shapes, FG5 always
gives the best results. The matrices that are used for both
FG4 and FG5 have small differences, and one can choose
which group yields better results by performing the
calculation for both groups using a small number of
members in each group (say 2 sine and 2 cosine terms).
Comparing the results of these two analyses would reveal
the better choice, and then the computations can be
continued using that group. For plate problems, this strategy
may yield much faster convergence and higher accuracy, and
will be explored in future work.

Table 5. Relative error in frequency — CS Beam

N N FG1 FG2 FG3 FG4 FG5
2*NsC  2*N;S Nf C+ Nt S N: OC Nt EC
+N:OS  +N:ES

O exact = 3.926602, Nmin =5

N N FG1 FG2 FG3 FG4 FG5 5 1 524E-01 3.91E+00 2.03E-02 2.03E-02  4.49E+00
2*NeC  2*NfS  N¢C+N¢S N:OC  N{EC 7 2  121E-01  2.22E+00 1.64E-03 5.64E-03  2.35E+00
+N;OS +N;ES 9 3 449E-02 1.55E+00 4.23E-05 2.02E-03  1.59E+00
O1.exact = 4.73004074 11 4 213E-02  1.19E+00 1.17E-05 9.05E-04  1.21E+00
5 1 537E-02 8.09E-03 8.10E-03 8.10E-03  5.37E-02 13 5 117E-02  9.62E-01 5.74E-06 4.68E-04  9.74E-01
7 2 947E-03 2.78E-04 2.76E-04 2.78E-04  9.47E-03 ®2.exact = 7.068528, Nyin = 7
9 3 3.99E-03 2.70E-05 3.05E-05 2.70E-05  3.99E-03 7 2 831E-01  2.40E+00 4.67E-03 8.26E-01  2.40E+00
11 4  1.55E-03 4.68E-06 3.63E-06 4.65E-06  1.55E-03 9 3 239E-01 1.63E+00 9.28E-04 2.36E-01  1.63E+00
13 5 957E-04 1.30E-06 6.02E-06 1.33E-06  9.57E-04 11 4 1.01E-01 1.23E+00 7.72E-04 9.91E-02  1.23E+00
23 10 1.15E-04 7.40E-07 6.03E-07 5.50E-07  1.15E-04 13 5 519E-02  9.92E-01 7.72E-04 5.09E-02  9.93E-01
Ogexact = 7.85320462 23 10 7.16E-03  5.02E-01 7.64E-04 7.01E-03  5.02E-01
7 2 834E-02 3.05E-01 1.45E-02 8.34E-02  3.05E-01 ®3xact = 10.210176, Npin =7
9 3 268E-02 181E-01 1.05E-03 2.68E-02  1.81E-01 7 2  992E-01 2.70E+00 8.15E-01 2.53E-02  3.65E+00
11 4 9.26E-03 1.20E-01 2.32E-04 9.26E-03  1.20E-01 9 3 331E-01 1.72E+00 5.00E-03 5.87E-03  2.06E+00
13 5  460E-03 9.11E-02 2.94E-05 4.60E-03  9.12E-02 11 4 152601 1.28E+00 9.50E-05 353E-03  1.44E+00
23 10 5.69E-04 4.24E-02 9.20E-07 5.69E-04  4.24E-02 13 5 824E-02 1.02E+00  -5.83E-06 2.16E-03  1.11E+00
®3exact = 10.9956078 23 10 116E-02  5.09E-01 -2.56E-05 3.33E-04  5.21E-01
7 2 111E01  4.06E-02 1.08E-01 4.06E-02  1.11E-01 O4pxact = 13.351769, Npin =9
9 3 419E-02 4.56E-03 6.68E-03 457E-03  4.19E-02 9 3  107E+00 1.86E+00 7.30E-01 1.08E+00  1.85E+00
11 4  1.83E-02 5.94E-04 3.36E-04 5.94E-04  1.83E-02 11 4 396E-01 1.34E+00 1.59E-03 3.94E-01  1.34E+00
13 5 B8.78E-03 1.95E-04 7.29E-05 1.95E-04  8.78E-03 13 5 1.94E-01 1.06E+00 5.08E-05 1.92E-01  1.06E+00
23 10 1.16E-03 2.76E-06 4.10E-06 3.21E-06  1.16E-03 23 10 2.31E-02 5.17E-01 3.68E-05 2.26E-02  5.18E-01
4 exact = 14.1371655 ®s exact = 16.493361, Npmin = 9
9 3 135E-01 4.46E-01 1.54E-01 1.35E-01  4.46E-01 9 3  112E+00 2.15E+00  3.64E+00 5.27E-02  3.06E+00
11 4 521E-02 2.86E-01 1.18E-02 521E-02  2.86E-01 11 4 444E-01  1.42E+00 9.40E-02 6.14E-03  1.85E+00
13 5  2.84E-02 2.13E-01 5.83E-04 2.84E-02  2.13E-01 13 5 229601 1.10E+00 4.96E-04 3.47E-03  1.32E+00
23 10 2.78E-03 8.88E-02 3.66E-06 2.78E-03  8.89E-02 23 10 3.08E-02  5.26E-01 -5.09E-05 7.62E-04  5.56E-01
O exact = 17.2787597 O10xact = 32.20132, Nipin = 15
9 3 154E-01 8.85E-02 3.04E-01 8.86E-02  1.54E-01 15 6 1.06E+00 1.20E+00 1.58E+01 1.08E+00  1.16E+00
11 4 622602 1.14E-02 5.33E-02 1.14E-02  6.22E-02 17 7 533E-01 9.11E-01 2.89E+00 5.37E-01  9.04E-01
13 5 3.58E-02 3.34E-03 1.26E-03 3.34E-03  3.58E-02 23 10 1.49E-01  5.76E-01 -1.50E-04 1.48E-01  5.77E-01
23 10 4.32E-03 2.91E-05 1.47E-05 2.92E-05  4.32E-03
©10exact = 32.98672
23 10 3.34E-02 2.82E-01 2.45E-03 3.34E-02  2.82E-01
33 15 9.32E-03 1.66E-01 2.30E-03 9.32E-03  1.66E-01
43 20 5.34E-03 1.18E-01 1.31E+00 5.34E-03  1.18E-01
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Table 6. — Error norm of the normalized vibration modes — CS Beam Table 7. Relative error in frequency — CF Beam
N N¢ FG1 FG2 FG3 FG4 FG5 N N¢ FG1 FG2 FG3 FG4 FG5
2*N¢sC  2*N¢S N¢ C+ N¢ S Nt OC Nt EC 2*N¢C  2*N¢S N¢ C+ N¢ S Nt OC Nt EC
+ N OS + NfES +NfOS  +NfES
1 exact = 3.926602 ®1 exact = 1.875104, Npin =5
5 1 269E-02 9.09E-02 7.87E-03 7.87E-03  1.08E-01 5 1 806E-02 3.64E+00 6.25E-02 6.25E-02  3.66E+00
7 2 485E-03 4.35E-02 8.67E-04 1.66E-03  4.61E-02 7 2  140E-02 2.12E+00 1.02E-03 9.35E-03  2.13E+00
9 3 177E-03 3.12E-02 8.99E-05 5.42E-04  3.21E-02 9 3 467E-03  1.50E+00 1.06E-05 2.88E-03  1.50E+00
11 4 851E-04 2.31E-02 9.47E-06 2.21E-04  2.35E-02 O2.exact = 4.694091, Npin = 5
13 5 415804 1.88E-02 5.26E-06 113E-04 1.90E-02 5 1 733E-01 358E+00 5.37E-01 5.37E-01  3.79E+00
02exact = 7.068528 7 2 158E-01 2.14E+00 1.83E-02 9.85E-02  2.20E+00
7 2 558E-02 9.82E-02 3.14E-03 5.43E-02 1.01E-01 9 3 551E-02 152E+00 5.52E-04 3.26E-02  1.54E+00
9 3 147E-02 6.49E-02 3.85E-04 1.45E-02  6.58E-02 11 4 250E-02  1.18E+00 3.65E-06 1.44E-02  1.19E+00
11 4 5.67E-03 4.75E-02 6.35E-05 5.44E-03  4.80E-02 13 5 1.34E-02  9.58E-01 -1.05E-05 7.50E-03  9.64E-01
13 5 298E-03 3.83E-02 4.33E-05 2.84E-03  3.86E-02 ©3 exact = 7.854757, Nin = 7
23 10 3.26E-04 1.91E-02 3.65E-05 3.11E-04  1.91E-02 7 2 561E-01 2.92E+00 1.81E-01 461E-01  3.03E+00
®30xact = 10.210176 9 3 163E-01 1.80E+00 6.29E-04 1.15E-01  1.85E+00
7 2 752602 1.71E-01 9.76E-02 1.31E-02  2.14E-01 11 4 7.03E-02 1.31E+00 8.40E-06 455E-02  1.34E+00
9 3 3.05E-02 1.04E-01 6.34E-03 4.48E-03  1.20E-01 13 5 368E-02 1.04E+00 1.19E-05 2.25E-02  1.05E+00
11 4 119E-02 7.74E-02 4.32E-04 2.41E-03  8.33E-02 23 10 4.88E-03  5.08E-01 1.61E-05 2.66E-03  5.11E-01
13 5 6.28E-03  6.03E-02 9.51E-05 1.31E-03  6.30E-02 O4exact = 10.995541, Npin = 7
23 10 7.98E-04  2.95E-02 8.87E-06 1.76E-04  2.99E-02 7 2 750E-01 2.41E+00 1.70E+00 6.16E-01  2.47E+00
O4exact = 13.351769 9 3 274601 150E+00 1.22E-02 150E-01  1.63E+00
9 3 993E-02 1.58E-01 9.22E-02 9.92E-02  1.60E-01 11 4  1.28E-01 1.17E+00 4.42E-04 6.79E-02  1.24E+00
11 4 3.98E-02 1.08E-01 3.22E-03 3.84E-02  1.10E-01 13 5 6.93E-02 9.65E-01 8.68E-07 3.67E-02  9.98E-01
13 5  2.04E-02 8.52E-02 2.63E-04 1.98E-02  8.66E-02 23 10 9.53E-03  5.02E-01 2.21E-05 4.98E-03  5.07E-01
23 10 2.04E-03  4.05E-02 2.96E-06 1.92E-03  4.08E-02 s exact = 14137168, Nigin = 9
s exact = 16.493361 9 3 6.89E-01 2.55E+00 1.96E+00 6.01E-01  2.64E+00
9 3 119E-01 221E-01 3.07E-01 3.28E-02  2.84E-01 11 4 253E-01 1.62E+00 6.58E-03 1.93E-01  1.68E+00
11 4  4.78E-02  1.50E-01 5.21E-02 6.73E-03  1.71E-01 13 5 1.26E-01  1.20E+00 4.83E-06 8.74E-02  1.24E+00
13 5 163E-02 1.11E-01 5.99E-04 2.61E-03  9.83E-02 23 10 1.59E-02  5.36E-01 2.96E-05 9.10E-03  5.43E-01
23 10 3.15E-03 5.18E-02 7.01E-06 6.83E-04  5.33E-02 O10exact = 29.84513, Noin = 13
®10,exact = 32.20132 13 5 6.76E-01 1.75E+00 1.88E+01 8.09E-01  1.36E+00
15 6 196E-01 2.48E-01 7.62E-01 2.00E-01  2.26E-01 15 6 3.35E-01 857E-01 5.67E+00 1.86E-01  9.79E-01
17 7 958E-02 1.92E-01 3.85E-01 9.57E-02  1.91E-01 17 7 203E-01  6.95E-01 8.21E-01 9.51E-02  7.96E-01
23 10 2.78E-02 1.16E-01 5.08E-04 2.65E-02  1.18E-01 23 10 6.98E-02  4.97E-01 9.81E-05 3.21E-02  5.34E-01

7. Summary and Conclusions

In the vibration analysis of beams using the RRM the
accuracy of the solution is highly dependent on the
admissible functions that are used in the computations. Two
factors are important in this regard: the ability of the set to
satisfy the boundary conditions, and the number of functions
that are required to obtain high accuracy. It is shown in this
work that choosing a group of functions that are capable to
model all the possible combinations will benefit the most.
This is achieved by using the combined odd sine and odd
cosine functions (FG4), or the combined even sine and even
cosine functions (FG5), which is the first time both functions
are included simultaneously in the admissible functions. In
both, all the functions in the group are orthogonal, so one
also preserves the high numerical accuracy that is obtained
in the computation that is performed with diagonal matrices.

In this work a new error norm for the mode shapes was
also suggested at the first time. The proposed admissible
functions give good accuracy also for the mode shapes. It
was shown that it has great importance in the evaluation of
functions which are used in the RRM, and will also be
expanded for the analysis of plates in future work.
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Table 8. Error norm of the normalized vibration modes — CF Beam

N Nt FG1 FG2 FG3 FG4 FG5
2*NfC  2*NfS  NfC+N¢S N OC N EC
+ N; OS + N:ES
O1exact = 1.875104
5 1 3.97E-03  4.19E-02 3.35E-03 3.35E-03 4.33E-02
7 2 6.73E-04  2.40E-02 1.35E-04 4.93E-04 2.44E-02
9 3 2.21E-04 1.68E-02 9.64E-06 1.47E-04 1.70E-02
O2.exact = 4.694091
5 1 6.42E-02 1.01E-01 6.22E-02 6.22E-02 1.20E-01
7 2 1.15E-02  5.67E-02 3.32E-03 1.05E-02 5.95E-02
9 3 3.71E-03  3.88E-02 2.86E-04 3.29E-03 3.98E-02
11 4  161E-03  2.95E-02 2.95E-05 1.40E-03 3.00E-02
13 5  8.33E-04 2.38E-02 3.59E-06 7.19E-04 2.40E-02
O3exact = 7.854757
7 2  530E-02 1.23E-01 3.43E-02 5.00E-02 1.37E-01
9 3 1.48E-02  7.63E-02 8.57E-04 1.31E-02 8.19E-02
11 4 6.19E-03  5.60E-02 5.80E-05 5.21E-03 5.85E-02
13 5 3.17E-03  4.44E-02 5.63E-06 2.58E-03 4.57E-02
23 10 3.99E-04 2.19E-02 8.73E-07 2.99E-04 2.21E-02
O4exact = 10.995541
7 2 1.05E-01  1.62E-01 1.77E-01 1.20E-01 2.31E-01
9 3 3.55E-02  1.10E-01 7.73E-03 3.25E-02 1.26E-01
11 4  157E-02 8.19E-02 8.64E-04 1.41E-02 8.82E-02
13 5 8.19E-03 6.52E-02 1.20E-04 7.33E-03 6.83E-02
23 10 1.04E-03 3.23E-02 3.27E-06 9.22E-04 3.27E-02
05 exact = 14.137168
9 3 1.03E-01  1.90E-01 1.94E-01 1.03E-01 2.13E-01
11 4 3.61E-02  1.24E-01 6.41E-03 3.43E-02 1.37E-01
13 5 1.74E-02  9.42E-02 1.61E-04 1.60E-02 1.01E-01
23 10 2.06E-03  4.38E-02 4.84E-06 1.74E-03 4.47E-02
10,exact — 29.84513
13 5 192E-01  2.90E-01 7.42E-01 2.56E-01 4.14E-01
15 6 8.90E-02  1.85E-01 2.33E+00 8.28E-02 2.56E-01
17 7 5.27E-02  1.53E-01 1.85E-01 4.62E-02 1.90E-01
23 10 1.74E-02  1.02E-01 2.29E-04 1.55E-02 1.12E-01
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Appendix: Matrices for Function Groups FG1-5

For all the matrices, the sub-matrices AA that include the
first 3 rows and first 3 column of the stiffness, mass and
penalty matrices are identical for all the function groups and

are given by:
0 0 0
w0
sym. 4
1 1/2 1/3
[Maal = 1/3 1/4
sym. 1/5

[Pua] = F) 0 3]; [Puas] = [3

0 0
1 0
0 0 O 0 0 O
1 1 1 0 0 0
[PAA,III]= 1 1 1f; [PAA,Iv]= 01 2
1 1 1 0 2 4
1. Function group 1 (FG1):
(m)*
- 0 .. 0
(2m)*
(K41 =[0] i [Kggli =] ¢ 2 :
0 km*
2
0
cos(km)-1
[MAB(1 3, k)]l = (kTL’)Z
2 cos(km)
(ferr)?
1 0 .. 0
1|0 1 :
[MBB]1=§ : 1
1 0
0 0 1

1]

[Pasi(1...3, k)]1 = [o : [pAB,‘,,]1 = [PAB,,V]1 = [0]
0l

1
[PAB,,,,(l .3, k)]1 cos(km) [1];
1

[PBB,I]1 =1
[PBB,II]1 = [PBB,IV]1 =0;
[PBB,III(jr k)]1 = cos(jm) cos(km) -l

2. Function group 2 (FG2):

0 0
[Kap(1..3,k], =0 O

— 0
km km

[Ksglz = [Kpsli

0 0
0 0
Z 0

0 .
(_1)k+1 (_1)k+1
[Map(1..3, k)]s = | kn SR

k?m%-4 -1 k?m?-4 -1
k3m3 km k3m3 km
[MBB]Z = [MBB]I
[PAB,I]2 = [PAB,m]2 = [0];
1
[Pag.u(1..3,10], = [Papv(1 .3, K)], = (=) [1

1.
[PBB.I]Z = [PBB,m]2 = 0;
[PBB,II]2 =1; [PBB_IV]Z = cos(jm) cos(km) - I ;

3. Function group 3 (FG3):

0
[Kup(1..3,K)]5 = [0] for k =odd
0

0
[Kyp(1..3,K)];5 = [ 0 l
2km(cos(km) — 1)
for k = even

KBB,3(2k - 1,2k - 1) = (kT[)4 MBB,3(2k - 1,2k - 1)
Kpp3(2k, 2k) = (km)* Mg 5(2k, 2k)
KBB,3(2k -12)) = (k”)z(i”)Z MBB,3(2k - 1))

0
cos(km)—1
[Myp(1...3,k)]5 =] @&km? for k =odd
2 cos(km)
(km)?
1—cos(km)
km
—cos(km)
[MAB(l ...3,k)]3 = K
(2—(km)?) cos(km)-2
(femr)3
for k = even
[MBB]3 = )
1 jm . .
2 0 0 Go—Gmr (cos(im) cos(jm) — 1)
1 —im
2 (P -Gn)?

(cos(im) cos(jmr) — 1) 0

In the P matrices below: (km) = m,2m, 3m... and i,j =
1,2,3 ...

1 0 0 0
[PAB,I]3 = [0 Ol [PAB,II]3 = [O kﬂl
0 0

0
1
[PAB,III]3 = cos(km) |1 0
1 0
0 0
[Pag,iv], = km cos (km) |0 1
0 2
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0 0

[PBB,I]g =] [PBB’“:I3 = [0 (kn)z],
)], = [costm) cos(jm) 0
[PBB,Iu(l.])]3 — [COS in OCOS(“T 0]

0 0
[PBB,IV]3 = [0 (im)(jm)cos (im)cos (]'H)];

4. Function group 4 (FG4):

For all the matrices in this group only odd values of the
indices are used.

[Mapls = [IIWAB]3

[Mpgls = 51

[KAB]4 = [KAB]3
[Kpp (i, )]s = (im)*[Mpg (i, )]s
All the P matrices are the same as FG3 but: (kn) = m, 37,
Sm...and i,j =1,35..

5. Function group 5 (FG5):

The matrices for this group are the same as for the group 4,
but only even values are taken. The P matrices are the same
as for FG3 with: (k) = 2m,4m, 6m... and i,j = 2,4,6 ...
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